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S U M M A R Y 
T h e d i s c o v e r y o f t h e n e u t r i n o a n d t h e o b s e r v a t i o n t h a t p a r i t y i s 
n o t c o n s e r v e d i n w e a k i n t e r a c t i o n s h a v e p l a y e d a n i m p o r t a n t r o l e i n t h e 
d e v e l o p m e n t o f t h e t h e o r y o f b e t a d e c a y . W i t h i n e x p e r i m e n t a l e r r o r 
o r d i n a r y ( s i n g l e ) b e t a d e c a y h a s b e e n s h o w n t o p r o c e e d v i a a l o c a l f o u r -
f e r m i o n i n t e r a c t i o n w h i c h c a n b e e x p r e s s e d a s t h e p r o d u c t o f a h a d r o n i c 
w e a k c u r r e n t a n d a l e p t o n i c w e a k c u r r e n t . N u c l e a r d o u b l e b e t a d e c a y i s 
c o n s i d e r e d a s a s e c o n d o r d e r e f f e c t o f t h e s a m e i n t e r a c t i o n w h i c h g i v e s 
r i s e , i n f i r s t o r d e r , t o s i n g l e b e t a d e c a y . I t w a s o r i g i n a l l y a n t i c i - , 
p a t e d a s a t w o - n e u t r i n o p r o c e s s , i „ e . o n e i n w h i c h t w o n e u t r i n o s a s w e l l 
a s t w o e l e c t r o n s a r e e m i t t e d . I n v e s t i g a t i o n s i n t o t h e p r o p e r t i e s o f 
t h e n e u t r i n o h a v e l e d , h o w e v e r , t o s p e c u l a t i o n a b o u t a p o s s i b l e n e u t r i n o -
l e s s m o d e o f d e c a y . C o n s i d e r a b l e t h e o r e t i c a l i n t e r e s t a t t a c h e s t o t h i s 
p o s s i b i l i t y w h i c h , i f r e a l i z e d , w o u l d p r o v i d e i r r e f u t a b l e e v i d e n c e a g a i n s t 
t h e p r i n c i p l e o f l e p t o n n u m b e r c o n s e r v a t i o n . S e v e r a l a t t e m p t s t o o b s e r v e 
d o u b l e b e t a d e c a y e x p e r i m e n t a l l y h a , v e b e e n m a d e a n d i t i s n o w e s t a b l i s h ­
e d t h a t t h i s p h e n o m e n o n d o e s o c c u r . U n f o r t u n a t e l y , m o s t o f t h e e x p e r i ­
m e n t s o n l y d e t e c t t h e d a u g h t e r n u c l e u s f r o m d o u b l e b e t a d e c a y , a n d t h u s 
f u r n i s h n o i n f o r m a t i o n o h w h e t h e r n e u t r i n o s a r e e m i t t e d o r n o t . O n l y 
v e r y r e c e n t l y h a s s o m e a t t e m p t b e e n m a d e t o r e m e d y t h i s d e f i c i e n c y . 
. A n e x a m i n a t i o n o f t h e p i ' o c e s s e s o f d o u b l e b e t a d e c a y ( n e u t r i n o -
l e s s a n d . " t w o - n e u t r i n o d e c a y s ) p l a y s a n i m p o r t a n t p a r t i n t h e c l a r i f i c a ­
t i o n o f t h e m e c h a n i s m o f w e a k i n t e r a c t i o n s , a n d t h i s p r o v i d e s t h e m o t i -
va t i on fo r th i s i n v e s t i g a t i o n . I n order to accomodate double beta decay 
•without emission o f neu t r i nos , the lep ton ic weak current must be modi f ied 
so as to inc lude terms w i th bo th>he l i c i t y pro ject ioncoperators ( l + y and 
5 
1 — Ye) "whose r e l a t i v e weight i s a factor 71 known as the lep ton non-con-
se rva t ion parameter. I t i s our purpose to determine the magnitude o f t h i s 
parameter and to see whether we can fu rn i sh any add i t iona l in format ion 
which bears on the quest ion o f nuclear double beta decay. 
There are a number o f uncer ta in t ies which mi t igate against a p re ­
c ise eva lua t ion o f these quan t i t i es . I n the f i r s t p lace , the energy gaps 
between the i n i t i a l nuclear state and those intermediate nuclear states 
which contr ibute ( in the al lowed approximation) to the decay rate a re , i n 
gene ra l , not known. Secondly, i t i s v e r y d i f f i c u l t to ca lcu late the 
magnitudes o f the nuclear matr ix elements i n v o l v e d , and i n most cases i t 
has been necessary to f a l l back on the t r a d i t i o n a l method o f approximating 
them. T h i r d l y , the experimental l i f e - t i m e o f the double beta decay i s 
needed fo r an est imat ion o f the parameter T], and th i s i s not always known 
p r e c i s e l y . 
We have concentrated on the three decays 
1 3 ° T e - 1 5 ° X e , 52 5h 
C a 20 - T l 2 2 
128„, ^ 128 v 
T e 5 2 Xe5k 
fo r which the most r e l i a b l e data i s a v a i l a b l e . Using the known e x p e r i -
m e n t a l l i f e t i m e o f t h e T e d e c a y a n d t h e l o w e r l i m i t s o n t h e h a l f - l i v e s 
48 
o f t h e n o - n e u t r i n o a n d t w o - n e u t r i n o m o d e s o f C a d e c a y , w e h a v e - o b t a i n e d 
t h e f o l l o w i n g r e s u l t s : 
-4 -3 0.23 X 10 < Tl < 0.53 X 10 J 
2.1 < 6 ( 1 3 ° T e ) < 2.68 
24.24 < l ( 1 2 8 T e ) < 24.95 
w h e r e 6 i s t h e a v e r a g e e n e r g y d i f f e r e n c e b e t w e e n t h e i n i t i a l n u c l e a r 
s t a t e a n d t h o s e i n t e r m e d i a t e n u c l e a r s t a t e s w i t h s p i n 0 o r 1, a n d t h e 
T 
h a l f - l i f e o f t h e d o u b l e b e t a d e c a y i s w r i t t e n a s 10 y e a r s . 
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o 
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U n l e s s o t h e r w i s e s t a t e d . L a t i n i n d i c e s i , j \ a , b e t c r u n f r o m 1 t o 3 . 
G r e e k i n d i c e s \ , u a , B e t c r u n f r o m 1 t o 4 . 
W i t h t h i s m e t r i c t h e g a m m a m a t r i c e s a r e a l l H e r m i t i a n : 
t 
T h e E i n s t e i n c o n v e n t i o n f o r r e p e a t e d s u f f i x e s i n s u m m a t i o n s h a s 
b e e n u s e d t h r o u g h o u t , e . g . 
A , B = ) A B 
a 
T h e s y m b o l s * a n d t d e n o t e c o m p l e x c o n j u g a t i o n a n d H e r m i t i a n 
c o n j u g a t i o n , r e s p e c t i v e l y , w h i l e ~ d e n o t e s t r a n s p o s i t i o n o f a m a t r i x . 
C H A P T E R I 
I N T R O D U C T I O N 
T h e d e v e l o p m e n t o f o u r k n o w l e d g e o f t h e b e t a d e c a y o f r a d i o a c t i v e 
n u c l e i c a n b e d i v i d e d i n t o t w o d i s t i n c t h i s t o r i c a l s t a g e s . T h e s t a r t 
o f e a c h o f t h e m w a s h e r a l d e d b y i m p o r t a n t d i s c o v e r i e s w h i c h n e c e s s i t a t e d 
a f u n d a m e n t a l r e v i e w " o f e a r l i e r c o n c e p t s c o n c e r n i n g t h i s p h e n o m e n o n . 
I n 1931 P a u l i ^ a d v a n c e d t h e h y p o t h e s i s o f t h e e x i s t e n c e o f a 
neutral, m a s s l e s s p a r t i c l e , c a l l e d the neutrino. T h i s h y p o t h e s i s a f f o r d ­
e d a w a y o u t o f t h e a p p a r e n t c o n t r a d i c t i o n b e t w e e n t h e c o n s e r v a t i o n l a w s 
(-2) 
a n d t h e b e t a d e c a y p h e n o m e n a . U s i n g t h i s h y p o t h e s i s , F e r m i v ' i n 1934 d e ­
v e l o p e d a b e t a d e c a y t h e o r y w h i c h e x p l a i n e d a n u m b e r o f t h e o b s e r v e d 
f e a t u r e s o f b e t a d e c a y . 
T h e s e c o n d i m p o r t a n t d i s c o v e r y w a s t h e o b s e r v a t i o n t h a t p a r i t y i s 
n o t c o n s e r v e d i n w e a k i n t e r a c t i o n s . T h e d e t a i l e d i n v e s t i g a t i o n o f t h i s 
(3 ) 
q u e s t i o n , c u l m i n a t i n g i n t h e f a m o u s e x p e r i m e n t s o f W u e t a l w a s i n ­
s t i g a t e d b y t h e p r o b l e m o f K + m e s o n d e c a y ( t h e 0 - t p u z z l e ) : a l t h o u g h 
a l l t h e p h y s i c a l p r o p e r t i e s o f t h e p r i m a r y p a r t i c l e i n 0 d e c a y ( t w o - p i o n 
f i n a l s t a t e ) a n d i n t d e c a y ( t h r e e - p i o n f i n a l s t a t e ) w e r e i d e n t i c a l , 
a n a l y s i s i n d i c a t e d o p p o s i t e p a r i t i e s f o r t h e f i n a l s t a t e s . T h i s d i l e m m a 
(k) 
p r o m p t e d L e e a n d Y a n g t o u n d e r t a k e a s y s t e m a t i c e x a m i n a t i o n o f a l l t h e 
e x p e r i m e n t a l k n o w l e d g e c o n c e r n i n g p a r i t y v i o l a t i o n . T h e y f o u n d t h a t n o 
e x p e r i m e n t s h a d e y e r b e e n d e s i g n e d s p e c i f i c a l l y t o t e s t w h e t h e r p a r i t y 
i s c o n s e r v e d i n w e a k i n t e r a c t i o n s ^ a n d ' t h a t t h e r e w a s n o e x p e r i m e n t a l d a t a 
2 
c o n t a i n i n g i n f o r m a t i o n o f r e l e v a n c e t o t h i s q u e s t i o n . T h e e x p e r i m e n t s o f 
W u e t a l p r o v e d c o n c l u s i v e l y t h a t p a r i t y i s n o t c o n s e r v e d i n t h e b e t a 
d e c a y o f r a d i o a c t i v e n u c l e i . . r , . . . * 
S o o n " a f t e r t h e a n n o u n c e m e n t o f t h e F e r m i t h e o r y , G e o p p e r t - M a y e r 
p u b l i s h e d a p a p e r d e v o t e d t o a* t h e o r e t i c a l i n v e s t i g a t i o n o f t h e p o s s i b l e 
p r o p e r t i e s o f t h e n e u t r i n o . T h i s " p a p e r c o n t a i n e d t h e f i r s t . " ' s t a t e m e n t o f 
t h e h y p o t h e t i c a l f e a s i b i l i t y o f d o u b l e b e t a d e c a y . , e n v i s a g e d a s a t r a n s i t i o n 
i n v o l v i n g t h e e m i s s i o n ' O f t w o ' " e l e c t r o n s . ' a n d r t w o n e u t r i n o s . A s i s w e l l 
k n o w n , t h e r e a r e t w o t y p e s ^ o f ( s i n g l e ) b e t a d e c a y : e l e c t r o n i c d e c a y 
n -» p + e + v (l . la) 
a n d p o s i t r o n i c d e c a y 
p - n + e + + v ( 1 . 1 b ) 
T h i s i m m e d i a t e l y r a i s e s t h e q u e s t i o n w h e t h e r t h e n e u t r a l l e p t o n s e m i t t e d 
i n t h e s e t w o p r o c e s s e s a r e i d e n t i c a l . I n 1937 M a j o r a n a ^ s h o w e d t h a t i f 




b e t a d e c a y t h e o r y r e m a i n u n c h a n g e d , a n d R a c a h n o t e d t h a t i n t h i s c a s e a 
n e u t r i n o l e s s d o u b l e b e t a d e c a y b e c o m e s p o s s i b l e . T w o y e a r s l a t e r F u r r y 
i n v e s t i g a t e d t h e n e u t r i n o l e s s m o d e o f d o u b l e b e t a d e c a y w h i c h h e e n v i s a g e d 
a s p r o c e e d i n g i n t h e f o l l o w i n g m a n n e r : t h e i n i t i a l n u c l e u s e m i t s a n 
e l e c t r o n a n d g o e s o v e r i n t o a v i r t u a l i n t e r m e d i a t e s t a t e p l u s a v i r t u a l 
n e u t r i n o w h i c h , i n t e r a c t i n g w i t h t h e i n t e r m e d i a t e n u c l e u s , " i n d u c e s " i t s 
d e c a y , w i t h e m i s s i o n o f a s e c o n d e l e c t r o n , i n t o t h e f i n a l n u c l e u s , a n d i s 
i t s e l f a b s o r b e d . A l t h o u g h h e m a d e a n i n c o r r e c t e s t i m a t e o f t h e p r o b a b i l i t y 
o f t h i s d o u b l e b e t a t r a n s i t i o n , t h e m e c h a n i s m o u t l i n e d a b o v e i s s t i l l u s e d 
3 
t o d a y . 
1 5 ° T e c o - 1 5 ° X e c ) + e " + e " + v + v ( 1 . 6 ) 
52 5*+ 
* S i n c e w e a r e n o t c o n c e r n e d h e r e w i t h m u o n i c p r o c e s s e s , t h e m u o n l e p t o n 
n u m b e r s h a v e b e e n o m i t t e d f r o m t h e d i s c u s s i o n . 
L e p t o n N u m b e r C o n s e r v a t i o n . A n d D o u b l e B e t a D e c a y 
T h e l a w o f l e p t o n n u m b e r c o n s e r v a t i o n w a s p r o p o s e d b y K o r i o p i h s k i 
(q) 
a n d M a h m o u d w / i n o r d e r t o e x p l a i n t h e n o n - o c c u r r e n c e o f c e r t a i n d e c a y p r o ­
c e s s e s , e . g . 
v + n -j* p + eT ( l . 2 a ) 
T h i s i s c o n f i r m e d b y t h e o b s e r v a t i o n , u s i n g v ' s f r o m a r e a c t o r , t h a t 
v + ^ C l ^ / 5 7 A r l 8 + e * ( 1 . 2 b ) 
T h e l e p t o n s (e±} v , v ) a r e a s s i g n e d a l e p t o n n u m b e r L a c c o r d i n g t o t h e 
f o l l o w i n g s c h e m e : 
. L ( e " ) = + 1 ( b y d e f i n i t i o n ) ( 1 . 3 ) 
L ( p a r t i c l e ) = L ( a n t i p a r t i c l e ) ( 1 . 4 ) 
L ( n o n - l e p t o n ) = 0 , ( 1 . 5 ) 
a n d t h e l a w s t a t e s t h a t t h e a l g e b r a i c s u m o f t h e l e p t o n n u m b e r s i s c o n ­
s e r v e d i n a l l r e a c t i o n s . I f l e p t o n n u m b e r i s a g o o d ' q u a n t u m n u m b e r , t h e n 
t w o - n e u t r i n o d o u b l e b e t a p r o c e s s e s , e . g . 
k 
•would " b e ' p e r m i t t e d . On t h e o t h e r h a n d , . ^ n o - n e u t r i n o p r o c e s s e s - s u c h a s 
1 3 % - 1 3 % . + e W ' ( 1 . 7 ) 
w o u l d h e f o r b i d d e n . The e x i s t e n c e o f a n e u t r i n o l e s s mode o f d e c a y w o u l d 
h e a c l e a r i n s t a n c e o f t h e v i o l a t i o n o f l e p t o n number c o n s e r v a t i o n , a n d i t 
i s f o r t h i s r e a s o n t h a t s u c h i n t e r e s t h a s b e e n g e n e r a t e d i n t h e s e a r c h f o r 
d o u b l e b e t a d e c a y s w i t h o u t e m i s s i o n o f n e u t r i n o s . 
The d o u b l e b e t a ( 8 8 ) d e c a y p r o c e s s c o n s i s t s o f t h e s p o n t a n e o u s d i s ­
i n t e g r a t i o n o f a n u c l e u s ( A , Z — 2) i n t o t h e n u c l e u s ( A , Z ) , t h e t r a n s i t i o n 
b e i n g a c c o m p a n i e d b y t h e e m i s s i o n o f two e l e c t r o n s , w i t h o r w i t h o u t 
n e u t r i n o s . S u c h t r a n s i t i o n s a r e made b y n u c l e i w h i c h a r e l e s s s t a b l e when 
o n e o f t h e i r n e u t r o n s i s r e p l a c e d b y a p r o t o n , b u t w h i c h g a i n i n . s t a b i l i t y 
when two o f t h e i r n e u t r o n s a r e r e p l a c e d b y p r o t o n s . T h i s i s u n d e r s t o o o d 
t o b e a c o n s e q u e n c e o f s t r o n g , a t t r a c t i v e " p a i r i n g f o r c e s " b e t w e e n l i k e 
n u c l e o n s , a n d i t i s t o b e e x p e c t e d t h a t b o t h t h e p a r e n t a n d t h e d a u g h t e r 
n u c l e i a r e o f t h e e v e n - e v e n t y p e . The i n i t i a l s t a t e M a n y 8 8 p r o c e s s , 
b e i n g t h e g r o u n d s t a t e o f an e v e n - e v e n n u c l e u s , i s c h a r a c t e r i z e d b y z e r o 
+ 
s p i n a n d e v e n p a r i t y , 0 . The f i n a l s t a t e i s a l s o e x p e c t e d t o b e t h e 
g r o u n d s t a t e o f t h e d a u g h t e r n u c l e u s , w h i c h i s a g a i n 0 + . 
The i n t e r m e d i a t e n u c l e u s ( A , Z — l ) i s a n o d d - o d d n u c l e a r i s o b a r i n 
w h i c h a n e u t r o n f r o m t h e i n i t i a l n u c l e u s h a s b e e n c h a n g e d i n t o a p r o t o n . 
The n u c l e a r e n e r g y l e v e l s o f ( A , Z — l ) a r e g e n e r a l l y h i g h e r t h a n 'E + mc , 
s o t h a t t h e i n i t i a l n u c l e u s i s s t a b l e a g a i n s t s i n g l e 8 d e c a y . I t may h a p p e n , 
* We s h a l l r e s t r i c t o u r s e l v e s t o t h e d i s c u s s i o n o f 8 8 d e c a y s . 
5 
h o w e v e r , t h a t t h i s s i n g l e 6 d e c a y ( A , Z — 2) -» ( A , Z — l ) i s p o s s i b l e 
e n e r g e t i c a l l y , p e r h a p s t o t h e g r o u n d s t a t e o f ( A , Z — l ) , b u t i s s o s t r o n g ­
l y i n h i b i t e d b y t h e a s s o c i a t e d l a r g e s p i n c h a n g e t h a t t h e d e c a y 
( A , Z — 2) -* ( A , Z) i s a c t u a l l y m o r e p r o b a b l e . F o r e x a m p l e , t h e d e c a y 
+ 48 - + 48 
0 g r o u n d s t a t e o f C a 2 0 ~* 0 S r o ' u n d s t a t e o f T i 2 2 
i s e x p e c t e d t o p r o c e e d a t a much f a s t e r r a t e t h a n t h e e n e r g e t i c a l l y p o s s i b l e , 
b u t s i x t h f o r b i d d e n s i n g l e 6 d e c a y 
0 + g r o u n d s t a t e o f ^ C a 2 0 ^ + ^ T O x m ^ L s ^ ^ e o f ^ ^ S c ^ 
t h e h a l f - l i f e o f w h i c h i s , a c c o r d i n g t o F e e r i b e r g ^ " ^ ~ ' 1 0 ^ y e a r s . 
The " e n e r g y r e l e a s e " i n a '{3(3 d e c a y p r o c e s s i s e q u a l , t o t h e maximum 
k i n e t i c e n e r g y a v a i l a b l e - ' t o e i t h e r o f t h e e m i t t e d e l e c t r o n s , a s s u m i n g t h a t 
t h e r e c o i l e n e r g y o f t h e d a u g h t e r n u c l e u s i s n e g l i g i b l e . 
E x p e r i m e n t a l E v i d e n c e 
S e v e r a l e x p e r i m e n t a l i n v e s t i g a t i o n s o f t h e (3p r a d i o a c t i v i t y o f 
s u i t a b l e i s o t o p e s h a v e b e e n c a r r i e d o u t w i t h i n t h e l a s t two d e c a d e s , u s i n g 
a v a r i e t y o f t e c h n i q u e s , w h i c h i n c l u d e : 
( i ) c h e m i c a l e x t r a c t i o n o f t h e d a u g h t e r e l e m e n t ( A , Z) a n d a s t u d y o f 
i t s a b u n d a n c e w i t h i n s o u r c e s o f t h e p a r e n t e l e m e n t . 
( i i ) d e t e c t i o n i n a c l o u d c h a m b e r of n u c l e a r e m u l s i o n o f e ^ , e^ t r a c k s 
e m a n a t i n g f r o m a common p o i n t . 
( i i i ) c o u n t e r d e t e c t i o n o f e ^ , e 2 t i m e - c o i n c i d e n c e s f r o m a BB d e c a y i n g 
e l e m e n t • 
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T h e s e m e t h o d s h a v e b e e n d e s c r i b e d i n d e t a i l b y a n u m b e r o f a u t h o r s (^9^3) 
w h e r e r e f e r e n c e s t o t h e i n d i v i d u a l e x p e r i m e n t s m a y b e f o u n d . 
E x p e r i m e n t s o f t y p e ( i ) a b o v e d e t e c t o n l y t h e p r e s e n c e o f t h e 
d a u g h t e r n u c l e u s f r o m 8 8 d e c a y a n d y i e l d o n l y t h e d e c a y r a t e o r h a l f - l i f e 
o f t h e d e c a y . T h e y g i v e n o i n d i c a t i o n w h e t h e r n e u t r i n o s a r e e m i t t e d o r n o t , 
a n d h e n c e w h e t h e r l e p t o n c o n s e r v a t i o n i s v i o l a t e d . T h e i d e n t i f i c a t i o n o f 
t h e n o - n e u t r i n o a n d t w o - n e u t r i n o m o d e s o f d e c a y c a n b e m a d e b y o b s e r v i n g 
t h e s u m s p e c t r u m o f t h e t w o - e l e c t r o n e n e r g y . I n n e u t r i n o l e s s d e c a y t h e 
t o t a l e n e r g y o f , t h e ; t w o e m i t t e d e l e c t r o n s m u s t b e ' e q u a l " to ,4 ;he\ . a v a i l a b l e 
d e c a y e n e r g y ; a n d t h e s p e c t r u m o f t h e t o t a l e l e c t r o n e n e r g y s h o u l d h a v e 
t h e f o r m o f a n a r r o w p e a k , w h o s e " , p o s i t i o n c o r r e s p o n d s t o t h e d e c a y e n e r g y . 
I n t h e t w o - n e u t r i n o c a s e , h o w e v e r , t h e ' d e c a y e n e r g y w i l l , b e s t a t i s t i c a l l y 
d i s t r i b u t e d a m o n g a l l f o u r l e p t o n s a r i d t h e e l e c t r o n . s u m e n e r g y s p e c t r u m 
w i l l h a v e a b r o a d d i s t r i b u t i o n , p e a k i n g ; a t a b o u t h a l f ' t h e a v a i l a b l e e n e r g y . 
C o n v i n c i n g e v i d e n c e o f f36 d e c a y h a s b e e n o b t a i n e d b y . m a s s -
( 1 4 - 1 7 ) 
s p e c t r o m e t r i c a n a l y s e s o f T e l l u r i u m a n d S e l e n i u m o r e s o f k n o w n a g e s . 
K i r s t e n e t a l ^ ^ h a v e a n a l y z e d t h e i s o t o p i c c o m p o s i t i o n o f X e n o n e x t r a c t ­
e d f r o m a n a t i v e T e l l u r i u m o r e f r o m t h e G o o d H o p e m i n e i n C o l o r a d o a n d 
h a v e r e p o r t e d a r a t i o ^ " ^ X e ( e x c e s s ) / ^ ^ X e ( a t m o s p h e r i c ) > 5 0 , T h i s l a r g e 
1 3 0 
e x c e s s o f X e , u n a c c o m p a n i e d b y a n y a n o m a l i e s , c a n b e e x p l a i n e d o n l y b y 
t h e 8 8 d e c a y o f " L ^ ° T e . O n t h e b a s i s o f t h e a g e o f t h e o r e a n d t h e c o n -
1 5 0 1 3 0 
e e n t r a t i o n s o f T e a n d X e i n i t , t h e y h a v e e s t i m a t e d t h e h a l f - l i f e 
„ 1 3 0 m . ^ _-21.31+ ± 0 . 1 2 _ _ . . . . 
o f T e t o b e 10 y e a r s . I n a n e a r l i e r e x p e r i m e n t u s i n g 
d i f f e r e n t T e l l u r i u m o r e s T a k a o k a a n d O g a t a ^ 1 ^ f o u n d a n e x c e s s o f 1 2 ^ X e , 
b u t t h e s e a u t h o r s h a v e c a u t i o n e d t h a t i t i s d i f f i c u l t t o a t t r i b u t e t h e 
128 128 
e x c e s s X e e n t i r e l y t o t h e 8 6 d e c a y o f T e b e c a u s e o f a s m a l l , p e r -
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s i s t e n t "background i n t h e m a s s s p e c t r o m e t e r , w h i c h d i s t u r b e d e x a c t m e a s u r e ­
m e n t s a t ^ " ^ X e . A ^ 2 ^ T e h a l f - l i f e o f 1 0 2 2 " ^ ± y e a r s ^ 3 o b t a i n e d on 
2 28 128 
t h e a s s u m p t i o n t h a t a l l t h e e x c e s s " X e was d u e t o Te 6 6 d e c a y . Un­
f o r t u n a t e l y , a s e x p l a i n e d a b o v e , t h e s e e x p e r i m e n t s do n o t g i v e a n y i n ­
d i c a t i o n w h e t h e r n e u t r i n o s a r e e m i t t e d , a n d h e n c e w h e t h e r l e p t o n number i s 
c o n s e r v e d . On ly an e x a m i n a t i o n o f t h e e l e c t r o n s u m - e n e r g y s p e c t r u m c a n do 
t h i s . 
An a t t e m p t was made r e c e n t l y b y B a r d i n e t a l ; t o m e a s u r e t h e c o n -
48 
t i n u o u s e l e c t r o n s u m - e n e r g y s p e c t r u m o f t h e t w o - n e u t r i n o d e c a y o f Ga 
a n d t h e m o n o e n e r g e t i c s u m - s p e c t r u m o f t h e n e u t r i n o l e s s d e c a y . The e x ­
p e r i m e n t was p e r f o r m e d i n a d e e p s a l t m i n e , u s i n g a s t r e a m e r c h a m b e r i n 
a m a g n e t i c f i e l d . O n l y o n e e v e n t w a s s e e n w h i c h m i g h t b e c o n s t r u e d a s 
2 1 
n e u t r i n o l e s s 86 d e c a y , i m p l y i n g a h a l f - l i f e o f > 2 . 0 X 10 y e a r s . A 
1 9 48 
h a l f - l i f e l i m i t o f > 3 « 6 X 10 y e a r s f o r t h e t w o - n e u t r i n o mode o f Ca 
86 d e c a y was a l s o o b t a i n e d . 
S i n g l e B e t a D e c a y 
M o s t o f o u r k n o w l e d g e c o n c e r n i n g t h e weak i n t e r a c t i o n s h a s b e e n 
o b t a i n e d f r o m s t u d i e s o f t h e d e c a y p r o c e s s e s o f t h e e l e m e n t a r y p a r t i c l e s . 
We g i v e h e r e a b r i e f d i s c u s s i o n o f s i n g l e B d e c a y w i t h a v i e w t o e s t a b l i s h ­
i n g t h e V — A ( v e c t o r m i n u s a x i a i L ^ v e c t o r ) , c h a r a c t e r o f t h e c o u p l i n g s i n ­
v o l v e d i n t h e f o u r - f e r m i o n i n t e r a c t i o n , a n d u l t i m a t e l y ' t o w r i t i n g t h i s 
i n t e r a c t i o n i n c u r r e n t - c u r r e n t ' ? f o r m * 
The p r o t o t y p e o f t h e 8, d e c a y p r o c e s s i s t h e r e a c t i o n \ \ 
•0 . . v . \ . n ~* P + e + v 5 : " , „ . . . / * - ^ > 
a l t h o u g h , o f c o u r s e , m o s t o f t h e e x p e r i m e n t a l i n f o r m a t i o n on t h i s p r o c e s s 
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i s gathered from observat ions o f the p decay o f complex n u c l e i . 
Al lowed Se lec t ion Rules 
The spa t i a l part o f the wave funct ion o f the outgoing pa r t i c l es 
i s o f the form 
—> . —> 
- i ( k + k ) • r -7*."* x e v ' - l k r e = e 
The momentum o f the leptons t y p i c a l l y corresponds to a de Brog l ie wave­
length o f about 10 cm and a use fu l s i ze fo r r i s the nuclear r ad i us , 
• -15 -> -> _2 which i s o f the order o f 10 ' cm. Thus k*r ~ 10 and we make the 
approximation 
- i k - r e ~ • 1. 
Th is r esu l t impl ies that the outgoing leptons ca r r y o f f zero o r b i t a l an-
—» —> . . . 
-ik-« r • f gular, momentum i, since e can be expanded i n a ser ies of.. spher ica l 
harmonics containing Bessel funct ions which behave l i k e (k.°r)^ fo r smal l 
va lues o f k« r . T rans i t ions i h w,hidh the leptons ca r r y o f f zero o r b i t a l 
ajogular momentum (X = 0) are known as al lowed -transit ions j . n o n - z e r o 
va lues o f I correspond to forbidden t r a n s i t i o n s , the degree o f forb idden-
ness being equal to the number o f un i ts o f o r b i t a l angular momentum ca r r i ed 
away by the e lec t ron-neut r ino p a i r . As may be expected from the fo rego ing, 
the rates fo r forb idden t rans i t i ons are considerably slower than fo r 
al lowed t r ans i t i ons . . 
The al lowed t rans i t i ons may be c l a s s i f i e d according to the resu l tant 
i n t r i n s i c sp in S o f the e lec t ron-neut r ino p a i r . T rans i t i ons i n which the 
leptons are emitted in. the s ing le t state (S = 0) are known as Fermi t r an ­
s i t i ons ; those i n which the leptons are emitted i n the t r i p l e t state 
(S = l) are known as .Gamow-T'eler transitions. -'The allowed selection rules 
follow from a consideration of the .overall angular momentum balance 
— » — » " — » —» —» 
I. - I» = s + s = S 1 f e v 
whê e-.l'*is the nuclear .spin. For Fermi'transitions we must; clearly have 
I. = I- . This selection rule. 1 - f ' 
(together with the requirement of no change in the nuclear parity, as for 
all allowed transitions),, is known as the Fermi selection rule. For 
triplet emissions the angular momentum balance is 
—» —» —» 
i . = i f + 1 . 
The vector sum on the right may have any of the magnitudes I + 1 , I or 
I_P — 1 , so we obtain the Gamow-Teler selection rule 
Al = 0 , 1 (no 0 - 0) 
The additional proviso in parentheses arises because such transitions are 
clearly incompatible with angular momentum conservation. 
The Beta Decay Interaction 
The beta decay Hamiltonian as originally conceived by Fermi may be 
written in the form 
K - n V A . ) ( W v ) ^ 3> 
where C denotes the coupling strength. This expression does not, however, 
represent the most general four-fermion interaction one can construct. 
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T h e r e a r e f i v e D i r a c b i l i n e a r c o v a r i a n t s , o f t h e f o r m f F . Y , w h e r e P . 
y 1 1 
( i - S , . V , T , A , P ) a r e t h e s c a l a r , v e c t o r , t e n s o r , a x i a l - v e c t o r a n d 
p s e i a d Q ; s d ^ a r ^ * D ! i r a c ' o p e r a t e s • ' ^ | w a . l l ^ g0ne^S^z.e^(lv8) ~ % o ^ n c l u d e a l l 
p o s s i b l e t y p e s o f D i r a c b i l i n e a r s - . , : 
K = V C.f Y r.¥ T . Y ) . (l.q) 
I t w i l l b e n o t e d t h a t ^ - t M e ; ; " i - n t ' e r a c t i o : K ' ' ( l . 9 ) ^ c o n t a i n s o n l y p a r i t y c o n s e r v i n g 
t e r m s . T h e q u e s t i o n o f p a r i t y v i o l a t i o n w i l l b e t a k e n u p a t a l a t e r s t a g e . 
I n t h e m e a n t i m e , a g r e a t d e a l o f i n f o r m a t i o n c a n b e o b t a i n e d a b o u t t h e 
v a r i o u s t y p e s o f c o u p l i n g w i t h o u t r e c o u r s e t o a p a r i t y - v i o l a t i n g f o r ­
m u l a t i o n . T h e c l a s s i c a l p i c t u r e e m b o d i e d i n ( l » 9 ) c a n s t i l l b e u s e d t o 
i n t e r p r e t t h e r e s u l t s o f m a n y i m p o r t a n t b e t a d e c a y e x p e r i m e n t s , s u c h a s 
b e t a d e c a y l i f e t i m e s , e n e r g y s p e c t r a a n d e l e c t r o n - n e u t r i n o a n g u l a r c o r ­
r e l a t i o n s . 
A s f a r a s n u c l e a r b e t a d e c a y i s c o n c e r n e d , w e m a y n e g l e c t t h e r e ­
c o i l o f t h e n u c l e u s ( t h e e n e r g y r e l e a s e i s s m a l l c o m p a r e d w i t h t h e n u c l e o n 
m a s s ) a n d t h e n u c l e o n s p i n o r s m a y b e t r e a t e d n o n - r e l a t i v i s t i c a l l y . I t 
w i l l b e r e c a l l e d t h a t i n t h i s a p p r o x i m a t i o n a D i r a c f o u r - c o m p o n e n t s p i n o r 
m a y b e w r i t t e n i n t e r m s o f i t s l a r g e a n d s m a l l c o m p o n e n t s 
\\\ 
w h e r e Y a n d Y a r e t w o - c o m p o n e n t s p i n o r s a n d Y v a n i s h e s i n t h e ' l i m i t o f 
L b b 
s m a l l v e l o c i t i e s — - > 0. W e n o w e x a m i n e t h e d i f f e r e n t t y p e s o f c o u p l i n g i n 
c 
1 1 
t h e l i g h t o f t h e n o n - r e l a t i v i s t i c a p p r o x i m a t i o n . F o r s c a l a r c o u p l i n g t h e 
n u c l e o n b i l i n e a r i s o f t h e f o r m 
" = (1 - *s)( fe) ~ *l \ • 
F o r v e c t o r c o u p l i n g , we h a v e 
f Y .Y = ••(y'y Y," 1? ~ 
I t "si's e v i d e n t t h a t t h e s c a l a r a n d v e c t o r t e r m s a r e i n c a p a b l e o f i n d u c i n g 
a n y n u c l e a r s p i n c h a n g e ( t h e - s p i n o p e r a t o r a d o e s n o t a p p e a r ) . T h e s e t e r m s 
a r e a s s o c i a t e d w i t h F e r m i t r a n s i t i o n s . F o r t h e r e m a i n i n g , t y p e s , o f c o u p l i n g 
we o b t a i n 
A - 0 ) 
T - ( : ^ a V 0 ) 
P -» 0 . 
The a x i a l - v e c t o r a n d t e n s o r t e r m s can. i n d u c e a n u c l e a r s p i n c h a n g e , a n d 
a r e a s s o c i a t e d w i t h G a m o w - T e l l e r t r a n s i t i o n s . The p s e u d o s c a l a r t e r m i s 
n e g l e c t e d . C o n s i d e r i n g t h a t b e t a d e c a y s c a n b e a m i x t u r e o f F e r m i a n d 
G a m o w - T e l l e r t r a n s i t i o n s , we s e e t h a t t h e r e a r e b o t h 
S a n d / o r V c o u p l i n g s ( F e r m i t r a n s i t i o n s ) 
A a n d / o r T c o u p l i n g s ( G a m o w - T e l l e r t r a n s i t i o n s ) 
F u r t h e r i n f o r m a t i o n on t h e n a t u r e o f t h e c o u p l i n g s may b e o b t a i n e d 
b y c o n s i d e r i n g t h e m o s t g e n e r a l . ( F e r m i p l u s G a m o w - T e l l e r t r a n s i t i o n s ) t y p e 
: ( ° > \ - l ) • 
1 2 
( 1 9 ) 
w h e r e A = ( c | + C 2 ) 1^12 + ( C 2 + C 2 ) | M q t | 2 ( l . l l ) 
B = G s G V | M I ^ 2 ' + C t C a I M G t ! 2 ( 1 ' 1 2 ) 
a n d a n d M ^ a r e t h e F e r m i a n d G a m o w - T e l l e r m a t r i x e l e m e n t s , r e s p e c t i v e l y . 
A c o m p a r i s o n o f t h i s r e s u l t w i t h e x p e r i m e n t s h o w s t h a t B = 0 f o r a l l £ d e ­
c a y s p e c t r a . F r o m t h e e x i s t e n c e o f p u r e F e r m i t r a n s i t i o n s , e . g . 
Ik Ik * + 
0 -» N + e + v 
a n d p u r e G a m o w - T e l l e r t r a n s i t i o n s , e . g . 
1 2 ^ 1 2 „ - -
B - * C + e + v 
w e m a y i n f e r t h a t C g a n d C y c a n n o t h o t h h e z e r o ; a n d t h a t a n d c a n n o t 
" b o t h h e z e r o . T h e s e c o n c l u s i o n s a m o u n t t o a s e l e c t i o n r u l e w h i c h m a y h e 
s t a t e d a s f o l l o w s : 
F e r m i t r a n s i t i o n s : e i t h e r S o r V c o u p l i n g 
G . T . t r a n s i t i o n s e i t h e r A o r T c o u p l i n g 
T h e e x a c t n a t u r e o f t h e c o u p l i n g i s o b t a i n e d f r o m t h e e l e c t r o n - n e u t r i n o 
c o r r e l a t i o n . , T h i s c a n b e s h o w n ^ 2 < ^ t o b e 
v ' -: ' 
e 
1 + a — • c o s , 9 
c . e , v 
o f 8 d e c a y o f u r i p o l a r i z e d n u c l e i . D e t a i l e d c a l c u l a t i o n s y i e l d t h e 
r e s u l t t h a t t h e e n e r g y s p e c t r u m o f t h e e m i t t e d e l e c t r o n s i s o f t h e f o r m 
N ( E ) d E ~ A + | ( 1 . 1 0 ) 
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A study of the directional correlation between electron and neutrino 
(really the recoil of the nucleus) for various 8 emitters yields the 
(21 ) 
following results : for pure Fermi transitionsx ' 
? ? 
a = —s p = 1 (expt) -• V coupling, 
4 + 4 
( 2 1 22) 
while for pure Gamow-Teller transitions 9 
? 9 c — r 
I T A. . 1-, / 1 \ . j a, • = - — — = - (expt) - A coupling. 
5 "G 2 +. C2 5 
We see, therefore, that nuclear beta decay proceeds via the VA interaction. 
We now return to the question of parity violation. In 8 decay 
there are several independent vectors or axial-vectors, e.g. p , p , I 
(where'I is the spin of the parent nucleus). - These vectors'.may be observed 
in various combinations in different experiments, some combinations being 
true s.calars and some pseudoscalars. In a parity-conserving process al l 
measured quantities must depend on true scalars. On the other hand, i f a 
measured quantity could be shown to depend on a pseudoscalar entity, such 
—> —> 
as P e°I* ,this would demonstrate the violation of parity0 In the old beta 
decay experiments, in which unpolarized nuclei were used (no p*I), the 
—* —» 
only observable quantities were essentially p g and p , and clearly no pseudo-
scalar can be formed from these. It is for this reason that, despite the 
voluminous experimental data on 8 decay, no light was shed on the question 
14 
o f - p a r i t y v i o l a t i o n . I n d e e d , t h i s p o s s i b i l i t y - w a s " n o t e v e n ' d i s c u s s e d , n o r 
was. a n y . a t t e m p t made t o o b s e r v e the . e l e c t r o n p o l a r i z a t i o n ( a » p ) . > A t t h e 
s u g g e s t i o n o f L e e a n d Y a n g ^ t h e f a m o u s ^ C o e x p e r i m e n t was p e r f o r m e d b y 
(3 ) . -. ;-- 60 
Wu e t a l . . T h i s was d o n e b y l i n i n g up t h e Co n u c l e u s a n d m e a s u r i n g 
t h e ^ a s y m m e t r y o f ' t h e - e l e c t r o n 'momentuin w i t h ' r e s p e c t "to t h e ^ d i r e c t i o n o f 
—* 
t h e n u c l e a r s p i n I . The a n g u l a r d i s t r i b u t i o n was f o u n d t o b e o f t h e f o r m 
W(0) - A ( l + | p e . f ) ; | f 0 , ( 1 . 1 4 ) 
w h i c h i n d i c a t e s t h a t p a r i t y i s n o t c o n s e r v e d i n b e t a d e c a y . 
The a b o v e r e s u l t n e c e s s i t a t e s a m o d i f i c a t i o n o f ( 1 . 9 ) t o i n c l u d e 
p a r i t y v i o l a t i n g t e r m s : 
k = Y c.(y r.Y Yy r.Y ) + c ; fa r.Y Yy t-yJ ) 
U i \ p i n / \ e i v / i \ p i n / \ e i . ' S v / 
= V (Y T.Y Yc.y T.Y + C.'Y r v Y "1 
Li \ p l n / L l e i v l e i ' S v J ( 1 . 1 5 ) 
o r k = y (Y T.Y ) u \ p l n / 
C. + C _ 
1 1 Y F. ( 1 + v j Y + 
2 e i 
+ 1 o 1 * r.(i - yJy . 
2 e i v r 5 / v J 
( 1 . 1 6 ) 
T h e T w o - c o m p o n e n t N e u t r i n o T h e o r y 
The D i r a c e q u a t i o n f o r a m a s s l e s s s p i n \ p a r t i c l e may b e w r i t t e n i n 
LA 
t h e f o r m 
(S.p)Y = E Y ( 1 . 1 7 ) 
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w h e r e Y i s a f o u r - c o m p o n e n t s p i n o r 
Y = 
a n d cp a n d x a r e t w o - c o m p o n e n t s p i n o r s . Thus we h a v e 
0 ••A 
C ^ P .', £ 0 
u s i n g t h e D i r a c r e p r e s e n t a t i o n o f t h e gamma m a t r i c e s . T h i s g i v e s 
E cp = (CT-p) x 
E x = ( < ? • ! > ) 9 
A d d i n g a n d s u b t r a c t i n g t h e s e e q u a t i o n s , we g e t 
( a - p ) § = - E § 
(o - .p) T| = + E Tj 
( 1 . 1 8 ) 
( 1 . 1 9 ) 
w h e r e 9 ~ X 
T| = cp + x 
E q u a t i o n s ( 1 . 1 8 ) „ a n d ( 1 . 1 9 ) a r e known a s t h e W e y l « e q u ^ t i o n s < s i f o r m a s s l e s s , 
s p i n ^ p a r t i c l e s o C o n s i d e r i n g o n l y p o s i t i v e e n e r g y s o l u t i o n s (E = + | p | ) , 
t h e Weyl e q u a t i o n s y i e l d 
( o . n ) § = - § 
(cj.n) Tl = + 11 
( 1 . 2 0 ) 
( 1 . 2 1 ) 
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—> —* 0"»p 1 
where o~»n = —- is the helicity operator. Thus a massless, spin — par-
151 2 
ticle is completely polarized, either left or right. We see that § des­
cribes a particle whose spin is always antipa.ralel to its momentum (neg­
ative helicity), while T) describes a particle whose spin is always paralel 
to its momentum (positive helicity). 
We now introduce the positive and negative "chiral projections" 
which are both eigenstates of v : 
5 
Now in the Dirac representation of the gamma matrices we may write 
9 ~ X \ 
(1.22) 
2 !? 2 •-(cp-x) 
1 
so that if we project with the positive (negative) chirality operator, we 
deal essentialy with the two-component spinor § = cp — x (T| = T + x) • We 
have just, seen that 5 (T|) describes a negative (positive) helicity particle, 
i.e. the term'—(l + Y r - ) 1 ^ describes a particle with spin pointing opposite 
2 5 '. ' ? 
to the direction.of motion : and the term T;(1 — yt)Y describes a particle whose spin is.paralel to Its direction of motion. • 
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H e l i c i t y o f t h e N e u t r i n o 
T h e n e u t r i n o i s d e f i n e d a s - t h e n e u t r a l l e p t o n e m i t t e d i n B + d e c a y 
+ 
p - * n + e + v . 
N o w s i n c e t h e a b s o r p t i o n o f a p a r t i c l e ( e ) a n d t h e e m i s s i o n o f t h e a n t i -
p a r t i c l e ( e ) a r e e q u i v a l e n t p r o c e s s e s , t h e l e p t o n e m i t t e d i n e l e c t r o n 
c a p t u r e m u s t a l s o b e a n e u t r i n o , 
p + e - * n + v . 
(23) 
T h e h e l i c i t y o f t h e n e u t r i n o w a s d e t e r m i n e d f r o m a s t u d y o f t h e e l e c t r o n 
c a p t u r e p r o c e s s 
I S ? * - 1 5 ? * 1 5 2 • ; • \ 
' E u f e ' - S m + v - J S m + -y + v . -
T h e c h i e f p o i n t o f t h i s e x p e r i m e n t i s t h a t o n e c a n s e l e c t t h o s e y r a y s 
f r o m t h e d e c a y o f t h e e x c i t e d s t a t e w h i c h g o o p p o s i t e t o t h e v d i r e c t i o n 
( i . e . . i n t h e d i r e c t i o n o f t h e r e c o i l n u c l e u s ) • b y h a v i n g t h e m r e s o n a n c e 
1 5 2 
s c a t t e r f r o m a t a r g e t o f S m . I t c a n b e s h o w n f r o m c o n s i d e r a t i o n s o f 
i 
o v e r a l l a n g u l a r m o m e n t u m c o n s e r v a t i o n t h a t t h e h e l i c i t y o f t h e d o w n w a r d 
y r a y w i l l b e t h e s a m e a s t h a t o f t h e u p w a r d n e u t r i n o , i r r e s p e c t i v e o f 
w h e t h e r t h i s ( t h e n e u t r i n o h e l i c i t y ) i s p o s i t i v e o r n e g a t i v e . T h e e x ­
p e r i m e n t e s t a b l i s h e d t h e h e l i c i t j r o f t h e y r a y a s n e g a t i v e , i n d i c a t i n g 
t h a t t h e n e u t r i n o i s l e f t - h a n d e d . 
G o i n g b a c k t o e q u a t i o n ( l . l 6 ) , w e s e e t h a t s i n c e o n l y t h e n e g a t i v e 
h e l i c i t y n e u t r i n o s t a t e s a r e r e a l i z e d i n n a t u r e , t h e ( l — Y ^ ) ^ v t e r m s m u s t 
b e d r o p p e d . T h i s i m p l i e s t h a t 
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.. • • G. 
c-: = c; = — 
1 • 1 , / 2 
( 1 . 2 3 ) 
a n d w e o b t a i n 
K = T -4 f r ' r . Y )fri\(iVvJ)r' 
/ 2 \ p l n / L t e l l 5 v_ 
( 1 . 2 4 ) 
w h e r e t h e s u m m a t i o n r u n s o v e r V a n d A c o u p l i n g s . T h e u s u a l v e c t o r a n d 
a x i a l - v e c t o r o p e r a t o r s a r e y a n d i y - v Y c r e s p e c t i v e l y ( t h e f a c t o r i i s i n -
A A. P 
s e r t e d s o a s t o m a k e T. H e r m i t i a n ) , s o w e o b t a i n 
K 
o r 
IP Y Y . ( l - n ~ Y c V If* Y \ ( l + Y c ) ¥ _ P 1 A \ G y 5 / n-JL e T \ v T 5 ' v_ 
( 1 . 2 5 ) 
( 1 . 2 6 ) 
w h e r e w e h a v e u s e d t h e r e l a t i o n 
Y 5 ( l + Y< - ) = : 1 + Y 5 
A b s o l u t e M a g n i t u d e O f T h e R a t i o O f V a n d A C o u p l i n g s 
T h e t r a n s i t i o n r a t e f o r B d e c a y d e p e n d s , i n t e r a l i a , o n t h e p h a s e 
s p a c e a v a i l a b l e f o r t h e l e p t o n s a n d o n t h e e f f e c t o f t h e n u c l e a r C o u l o m b 
f i e l d o n t h e w a v e f u n c t i o n o f t h e e m i t t e d e l e c t r o n . T h e e n e r g y a v a i l a b l e 
a n d t h e C o u l o m b e f f e c t a r e n o t d i r e c t l y r e l a t e d t o t h e d e t a i l s o f t h e 
n u c l e a r s t a t e s , a n d i t i s c o n v e n i e n t t o s e p a r a t e o u t t h e s e e f f e c t s i n o r d e r 
t o e x h i b i t t h e e x p l i c i t d e p e n d e n c e o f t h e t r a n s i t i o n r a t e o n t h e w a v e 
19 
funct ions o f the nuclear states i n v o l v e d . Th is may he accomplished by 
charac ter iz ing the decay, not by i t s h a l f - l i f e t , but by the so -ca l led com­
para t i ve h a l f - l i f e f t , where f includes the e f fec ts o f the energy and the 
Coulomb f i e l d , and' i s independent o f the nuclear states or the beta decay 
i n t e r a c t i o n . The quant i ty f , which i s e s s e n t i a l l y a phase space i n t e g r a l , 
i s def ined by the r e l a t i o n 
from which i t fo l lows that two decays w i th the same nuclear s t ruc ture but 
w i th d i f f e ren t energies and d i f f e ren t nuclear charges w i l l have d i f f e ren t 
h a l f - l i v e s t but should have the same f t va l ue . 
Carefu l measurements o f f t va lues have been made fo r many n u c l e i , 
the most important being those fo r the neutron and fo r pure Fermi t r a n s i t ­
i o n s . The beta decay o f the neutron i s a mixed (Fermi plus Gamow-Teller) 
t r a n s i t i o n , fo r which 
J m , ! 2 = i ; ' | M Q T | 2 = 3 
Thus-,/ (ft)" 1 ~ g | + 3G|. f ; "H" \ 
(?k) 
The measurements o f Sosnovsk i i et a l , ' on neutron decay have y i e l d e d the 
I 
va lue .. . .. • 
( f t ) = 1180 ± 35 sec. 
i n 
i 
! Ik Ik On the other hand, 0 decay i s a pure Fermi t r a n s i t i o n . The 0 nucleus 
i s understood as having two protons outs ide an i ne r t co re , and e i the r o f 
20 
1 4 * 
w i t h t h e s a m e . . c o n s t a n t o f p r o p o r t i o n a l i t y a s f o r n e u t r o n d e c a y . T h e f t 
1 4 - - ( 2 5 ) 
v a l u e f o r 0 d e c a y h a s b e e n m e a s u r e d b y B a r d i n e t a l . ' t o b e 
( f t ) 0 3066 ± 10 s e c . ' 1 
T h u s w e g e t 
( f t ) n ! (E%'^ G 2 
0 V J A 3 0 6 6 ± 1 0 
(ft) ~ z4 ' U S D ±35 
w h e n c e = 1 . 4 0 ± 0 .06 
4 
o r 
G A , 
•zr- I = 1.18 ± 0.03 
v 
T h e f t v a l u e s q u o t e d a b o v e h a v e n o t b e e n c o r r e c t e d f o r n u c l e a r f o r m f a c t o r s 
o r r a d i a t i v e e f f e c t s . A m o r e a c c u r a t e v a l u e 
G A 
I I = 1 . 2 ± 0.05 
V 
h a s b e e n o b t a i n e d b y B l i n - S t o y l e ' ' . 
R e l a t i v e S i g n O f T h e V a n d A I n t e r a c t i o n s 
T h e r e l a t i v e s i g n o f t h e v e c t o r a n d a x i a l - v e c t o r c o u p l i n g c o n s t a n t s 
m a y b e o b t a i n e d f r o m t h e m e a s u r e m e n t o f t h e e l e c t r o n a n d n e u t r i n o a s y m m e t r i e s 
t h e m m a y t r a n s f o r m t o y i e l d t h e d a u g h t e r , N . A c c o r d i n g l y , w e - e x p e c t 
(ft)" 1 ~ 2 G* 
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in̂ olarized neutron decay. The -angular distribution of- the ..leptons with 
respect to the direction of the, neutron spin may he written in the forn/2^ 
f* • -! 1 + B /̂ cqs 9. "' V': • : ,: 
Theoretical estimates of the asymmetry parameter B are made for both cases 
Ĝ /Gy = ± 1.2, and the results sire displayed in Table 1. The measurements 
(27) 
of the parameters B̂  and were made by Burgy et al; u , who obtained the 
values 
B = - 0.11 ± 0.02 e 
B = + 0.88 ± 0.15 v 
These results show clearly that the V and A couplings are of opposite sign 
•rA = ~ 1.2 
and this establishes the V — A (strictly speaking, V — 1.2 A) character of 
the beta decay interaction. i i 
The Current-current Form Of The Weak Interaction 
In the description of weal: processes certain quantities known as 
currents play an important role. In order to introduce these objects, we 
consider the process of muon decay. There is considerable evidence that 
the four-fermion interaction, not only in B decay but in u decay as well, 
is of the V — A form. In muon decay the vector and axial-vector coupling 
constants are equal in magnitude but opposite in sign (so that the inter­
action is strictly V — A), and the process is described by an interaction 
T a b l e 1 . E l e c t r o n a n d N e u t r i n o A s y m m e t r y 
P a r a m e t e r s i n P o l a r i z e d N e u t r o n 







+ 1 . 2 - 1 + o:.i 
- 1 . 2 - 0 . 1 + i 
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( 1 . : 
where G is the muon vector coupling constant. Equation (1.28) may be 
writen in the form 
where, by analogy with the electromagnetic current, L (|i, v ) and L (e, v ) 
" a p. a e 
are known as the leptonic weak: curents of the muon and electron, respect­
ively. A similar description is possible for all: weak interactions in­
volving leptons. Thus the beta decay interaction G G 
^ = T2 [ y l 1 - 4Y5>nIv^-+ v*v] (i-26) 
may be writen in the form 
G 
72 
,Y v (1+ yJy L e-V T5 v. (1.29) 
Thus 
where 
- h . 






is the nucleon current, and 
(1.33) 
is the lepton current. The curents 
zk 
V =• r t V Y 
a r e , r e s p e c t i v e l y , t h e v e c t o r a n d a x i a l - v e c t o r p a r t s o f t h e n u c l e o n c u r r e n t 
I t i s c u s t o m a r y t o " w r i t e t h e c u r r e n t - c u r r e n t f o r m o f t h e P d e c a y 
H a m i l t o n i a n i n t e r m s o f t h e m u o n v e c t o r c o u p l i n g c o n s t a n t G , " w h i c h i s f o u n d 
+ + Ik 
f r o m e x p e r i m e n t s o n t h e 0 - ? 0 t r a n s i t i o n i n 0 d e c a y , t o b e v e r y n e a r l y 
( w i t h i n 1 o r 2 %) e q u a l t o t h e v e c t o r c o u p l i n g c o n s t a n t G y i n 6 d e c a y : 
- G-i n 
g v G » x . 
U n f o r t u n a t e l y , t h e e x p l a n a t i o n o f t h i s r e m a r k a b l y g o o d a g r e e m e n t l i e s o u t ­
s i d e t h e s c o p e o f t h i s d i s c u s s i o n . 
N o n - r e l a t i v i s t i c A p p r o x i m a t i o n a n d A l l o w e d S e l e c t i o n . R u l e s 
U s i n g t h e i n t e r a c t i o n ( 1 . 2 9 ) , t h e t r a n s i t i o n a m p l i t u d e f o r s i n g l e 
b e t a d e c a y m a y b e w r i t t e n i n t h e f o r m 
<f|K|i> = ^ { h [ g ^ i + e ^ v j + i l.[s^z - (1.31.) 
w h e r e = ( L , L ^ ) i s t h e l e p t o n i c w e a k c u r r e n t . W e h a v e u s e d t h e r e l a t i o n 
- 5 y 5 = 2 
a n d t h e u s u a l a b b r e v i a t i o n s , s u c h a s 
n 
y l .. <r|2><+>«|;> 
n 
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t ^ + ^ b e i n g t h e ( i s o s p i n ) c h a r g e r a i s i n g o p e r a t o r a c t i n g o n t h e h ^ * 1 n u c l e o n . 
| A s " w e h a v e s t a t e d b e f o r e , t h e c o n s t i t u e n t s o f n u c l e i a r e a d e q u a t e l y 
' d e s c r i b e d b y t h e n o n - r e l a t i v i s t i c a p p r o x i m a t i o n . , i n w h i c h t h e v e l o c i t y 
~* v o p e r a t o r a a n d t h e o p e r a t o r yc a r e o f t h e o r d e r o f m a g n i t u d e — , a n d m a y b e 
j c 
n e g l e c t e d . T h i s c o r r e s p o n d s t o t h e n e g l e c t o f t h e " s m a l l " D i r a c c o m ­
p o n e n t s o f t h e n u c l e o n s p i n o r s , a s d i s c u s s e d b e f o r e . T h e e f f e c t o f t h e s e 
a p p r o x i m a t i o n s i s t o r e d u c e t h e B t r a n s i t i o n a m p l i t u d e t o 
< f |.3C|i> = [hk g v $ 1 . + i L g A . ^ v ) ( 1 . 3 5 ) 
w h e r e ^ 1 a n d ^ c r a r e . t h e - F e r m i a n d G a m o w - T e l l e r " m a t r i x e l e m e n t s a n d M ^ T ? 
r e s p e c t i v e l y . A s w e s h a l l s e e , t h i s r e d u c t i o n y i e l d s j u s t • - ' t h e a l l o w e d 
s e l e c t i o n r u l e s o b t a i n e d e a r l i e r . 
T h e a n g u l a r m o m e n t u m s e l e c t i o n r u l e s r e f l e c t t h e c o n s e r v a t i o n o f 
a n g u l a r m o m e n t u m . T h e F e r m i s e l e c t i o n r u l e s f o l l o w f r o m t h e o r t h o g o n a l i t y 
o f t h e a n g u l a r m o m e n t u m e i g e n s t a t e s 
<I-M'|IM> = 6 X ) I , 6 M j M , 
a n d t h i s o r t h o g o n a l i t y i s n o t d i s t u r b e d i n t h e m a t r i x e l e m e n t 
$ 1 , <f|IT(+)|i> ~ 6 I ) I i 6 m j M , 
n 
a n d w e h a v e t h e i m m e d i a t e F e r m i s e l e c t i o n r u l e 
S1 * 0 o n l y i f A l = 0 . 
T h e s e l e c t i o n r u l e s c h a r a c t e r i s t i c o f t h e m a t r i x e l e m e n t ^ a f o l l o w 
f r o m t h e W i g n e r - E c k a r t t h e o r e m . T h i s t h e o r e m s t a t e s t h a t t h e m a t r i x e l e m e n t 
of a tensor operator combining states of angular momentum IM and I'M' 
is proportional to a vector addition, or Clebsch-Gordan, coeficient 
<6 fIfMf |T̂|6IM> ~ (ijMml'M') 
•where 6 and 61 denote whatever additional quantum numbers are needed to 
specify the states. The Clebsch-Gordan coeficient (Ij, Mm|l'MT) vanishes 
unless the angular momenta I, j, I' satisfy the "triangle condition", and 
this constiutes the selection rules. 
In the case of the vector matrix elment ̂  o" the vector o is de­
composed into its tensor components 
T" = O" 0 z 
We then use the Wigner-Eckart theorem in the form. 
<6'I *M*|T̂|6IM> ~ (I 1, M m|l TM ') 
m = 0, ± 1. 
The Clebsch-Gordan coeficient (i 1, M m|l'M') vanishes unless M1 = M + m 
and. I 1 = 1 or I ±1, ; or if I = I 1 = 0 . Thus we obtain the Gamow-Telr 
selection rules 
Al ' = 0 , 1 (no 0 - 0) 
Equivalence of Majorana and Weyl Theories, of Massless Spin- One-half Particles 
A Majorana field is a self-charge-conjugate spin ̂  field. It may 
be denoted by 
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x ( x ) B x ( o ) W = C x ( i ) (1.3.6) 
w h e r e t h e c h a r g e c o n j u g a t i o n m a t r i x C i s d e f i n e d , b y 
: r l 
- 4 
= - Y A (1.3-7) 
(1 .38) 
c = - c, ( 1 . 3 9 ) 
I t f o l l p w s f r o m ( 1 . 3 7 ) t h a t 
Y 5 C 
N o w c o n s i d e r t h e t w o - c o m p o n e n t f i e l d § . ( x ) d e f i n e d b y 
5 ( x ) = ~ ( l + Y 5 ) * ( x ) 
( 1 . 4 0 ) 
( l . ^ D 
w h e r e Y ( x ) i s a m a s s l e s s D i r a c f i e l d , , W e m a k e t h e s p e c i a l P a u l i - G u r s e y 
,(28,29) t r a n s f o r m a t i o n 
Y ( x ) - » Y ' ( x ) = 
; 7 2 
Y ( x ) + Y 5 C Y ( x ) 
= U Y ( x ) U - 1 ( 1 . ^ 2 ) 
w h e r e U i s a u n i t a r y o p e r a t o r . W e n o w i n t r o d u c e a n e w f i e l d x ( x ) * d e f i n e d 
h y 
X ( x ) = [ y ( x ) + C Y ( x ) 
s o t h a t x ( x ) I s a M a j o r a n a f i e l d . N o w f r o m ( 1 . 4 2 ) 
Y ' « = 7 2 
Y ( x ) + Y ^ A x ) ] 
28 
c r ( x ) = 
1 
/ 2 
[ f (x) + y ( x ) y 4 c \ 5 Y j + _ 
1 
/ 2 Y(x) + ' V 5 C*YlY(x)] 
1 [ 
72 I c ¥(x) -- C Y ^ C ' ^ Y C x ) 
l r 
75 L c y ( x ) -- Y 5 * ( x ) _ (1.44) 
Thus § ' (x) = | ( 1 + Y 5 ) i f ( x ) 
| ( 1 + y 5 ) 72 [Y(x) + Y 5 C Y(x)_ 
1 
272 L 
Y(x) + Y ^ ( x ) + Y^C Y(x) + C Y(x) 
= | ( 1 + Y 5 ) 72 [Y(x) + C T ( x ) ] 
= ± ( l + Y 5 ) x ( x ) 
i . e . U §(x) i f
1 = | ( 1 + Y 5 ) x ( x ) (1.45) 
Now C 5(x) = -| C ( l - Y 5 ) Y ( x ) 
= ~(1 - Y - )C Y ( x ) , using (1.40), 
and from (1.44). we get 
| ( 1 - Y 5 ) C Y ' ( x ) C Y(x) - Y ^ ( x ) 5 
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= |(l-Y5)xW-
i . e . U C l ( x ) U " 1 = | ( l - Y5)x(x) ( 1 . 4 6 ) 
C o m b i n i n g ( 1 , 4 - 5 ) a n d ( 1 . 4 6 ) w e g e t 
U [ ? ( x ) + C I(x)J U ' 1 = X ( x ) ( 1 . 4 7 ) 
f r o m w h i c h f o l l o w s t h e i n v e r s e t r a n s f o r m a t i o n 
U " 1 x ( x ) U = " § ( x ) + C f ( x ) ( 1 . 4 8 ) 
By means o f e q u a t i o n s ( l , 4 5 ) and ( l „ 4 8 ) i t can b e shown t h a t a t h e o r y 
i n / w h i o h " , a \ m a s s i e s s s p i n - i p a r t i c l e i s d e s c r i b e d b y a t w o - c o m p o n e n t ( W e y l ) 
f i e l d a n d a t h e o r y i n w h i c h i t i s d e s c r i b e d b y a M a j o r a n a f i e l d a r e 
u n i t a r i l y , a n d t h e r e f o r e p h y s i c a l l y , e q u i v a l e n t . T h e e q u i v a l e n c e m a y b e 
i l l u s t r a t e d b y n o t i n g t h a t u n d e r t h e u n i t a r y t r a n s f o r m a t i o n U 
= " | ( i + y 5 ) y r | ( | . + y 5 ) x , . ' i ( 1 . 4 5 ) 
1 ( 1 _ y 5 ) ¥ ( c ) V - Y 5 ) x . ( 1 . 4 6 ) 
I n t h e t w o - c o m p o n e n t W e y l t h e o r y § = ^ ( l + Y _ ) Y r e p r e s e n t s a ( l e f t - h a n d e d ) 
2 5 
n e u t r i n o , w h i l e | ^ C ^ = - ^ ( l — Y c . ) Y ^ C ^ r e p r e s e n t s a ( r i g h t - h a n d e d ) a n t i -
n e u t r i n o . W e m a y e q u a l l y w e l l c h o o s e t o c a l l t h e s e t h e s p i n - d o w n a n d s p i n -
u p s t a t e s o f a M a j o r a n a p a r t i c l e . 
I n v i e w o f t h e a b o v e c o n s i d e r a t i o n s w e m a y , i f w e w i s h , s u p p o s e 
t h a t t h e n e u t r i n o f i e l d %^ i n t h e l e p t o n c u r r e n t ( 1 . 3 3 ) d e s c r i b e s a 
M a j o r a n a p a r t i c l e . T h i s w i l l b e p a r t i c u l a r l y c o n v e n i e n t i n d i s c u s s i n g 
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t h e n e u t r i n o l e s s m o d e o f B B d e c a y ' ; W e s h a l l u s e t h e M a j o r a n a r e p r e s e n ­
t a t i o n o f t h e - . g a m m a - m a t r i c e s , i n . . w h i c h > . • . 
T h e c h a r g e c o n j u g a t i o n m a t r i x C t h e n s a t i s f i e s t h e r e l a t i o n s 
C y . = - y . C 
3 3 
C Y U = + Y ^ C 
a n d w e m a y c h o o s e C = — y^, w h i c h g i v e s 
Y = Y ^ ° ) = C I 
v v 
T h e n e u t r i n o f i e l d o p e r a t o r m a y t h e n b e w r i t t e n ' a s 
Yv(3) . l*Ba)*B(i)A*+ a ^ / f o e - 1 * - * ( 1 . 5 1 ) 
k , s 
w h i c h c l e a r l y s a t i s f i e s (1. .50) • 
3 1 
C H A P T E R I I 
T H E N O - M E U T R I N O P R O C E S S 
A s w e h a v e i n d i c a t e d i n C h a p t e r I , d o u b l e b e t a d e c a y w i l l b e 
c o n s i d e r e d a s a s e c o n d r o r d e r e f f e c t o f t h e u s u a l w e a k ( A Q , = ± 1 , A S = 0 ) 
i n t e r a c t i o n w h i c h g i v e s r i s e , i n f i r s t o r d e r , t o s i n g l e , b e t a d e c a y . T h e 
m e c h a n i s m o f t h e n e u t r i n o l e s s m o d e i s r e p r e s e n t e d b y t h e s e c o n d o r d e r 
w e a k d i a g r a m s s h o w n i n F i g u r e 1 . 
T h e t r a n s i t i o n m a t r i x e l e m e n t i s g i v e n b y t h e u s u a l s e c o n d - o r d e r 
t i m e - d e p e n d e n t p e r t u r b a t i o n t h e o r y :: ' . 
m ( a , Z — 2 A , z) = y M s l l K S M i ) ( 2 . 2 ) 
w h e r e | i ) , |9t) a n d | f ) a r e t h e ^ i n i t l a l ^ S i i i ^ e ^ e d f a t e | " : a n & f i n a l s t a t e s 
a n d W,-f a n d ^ ' W j L - i a r e ^ t h e i n i t i a l , a j i d . i n t e r m e d i a t e e n e r g i e s 1 o f . t h e , n u c l e o n -
l e p t o n * s y s t e m . T h e i n i t i a l s t a t e ' c o n s i s t s 1 o f t h e p a r e n t n u c l e u s A , z " — 2) 
a n d t h e f i n a l s t a t e c o n s i s t s o f - t h e : ' d a u g h t e r n u c l e u s ( A , Z ) t o g e t h e r w i t h 
t h e t w o ^ e l e c t r o n s e a n d e ^ - . ^ T ^ e . i n t e r m e d i a t e s t a t e c o n s i s t s , o f t h e 
i n t e r m e d i a t e n u c l e u s a n d t h e i n t e r m e d i a t e e l e c t r o n e ^ o r p l u s t h e 
i n t e r m e d i a t e n e u t r i n o , e a c h o f t h e s e l e p t o n s w i t h d e f i n i t e m o m e n t u m a n d 
s p i n o r i e n t a t i o n . T h u s t h e i n t e r m e d i a t e e n e r g y i s 
W w = E n _ + E . _ . + ' E 
I I I • 1 o r 2 N v 
w h e r e E £ a n d E g a r e t h e e n e r g i e s o f t h e e l e c t r o n s 1 a n d 2 , E ^ i s t h e 
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e n e r g y o f t h e i n t e r m e d i a t e n u c l e u s a n d E ^ i s t h e n e u t r i n o e n e r g y . T h e 
i n i t i a l e n e r g y i s j u s t t h e e n e r g y , E o f t h e p a r e n t n u c l e u s . T h e c u r r e n t -
c u r r e n t w e a k H a m i l t o n i a n " d e n s i t y i s g i v e n " b y 
. i •• V C L A A 
J a n d L b e i n g t h e n u c l e o n a r i d l e p t o n c u r r e n t s r e s p e c t i v e l y . T h e m a t r i x 
A A > 
e l e m e n t f o r t h e p r o c e s s i s 
M = ( I - P - L 2 j M ' ( 2 . 3 ) 
• w h e r e M ' = ^ - ^ ^ d 5 x d 5 y ^ ^ 
- N 
k , s 
< e | L ( x ) | v > < N | j ( x ) | N > . < ( e v | l ( y ) | 0 > < N | j ( y ) | N > 
1 x — ! ±—± ?• a : L i - (2.4) 
E v +
 E 2 + E N ~ E i 
w h e r e k , s a r e t h e m o m e n t u m a n d s p i n p r o j e c t i o n o f t h e i n t e r m e d i a t e 
n e u t r i n o a n d ^ d e n o t e s s u m m a t i o n o v e r a c o m p l e t e s e t o f i n t e r m e d i a t e 
N 
n u c l e a r s t a t e s | n ) . | n ^ > a n d \N ) r e p r e s e n t t h e i n i t i a l a n d f i n a l n u c l e a r 
s t a t e s , r e s p e c t i v e l y . P i s t h e p e r m u t a t i o n o p e r a t o r w h i c h i n t e r c h a n g e s 
t h e r o l e s o f t h e t w o e l e c t r o n s a n d e ^ . T h u s t h e f a c t o r ^ 1 - P 1 2 ) e n ­
s u r e s t h a t t h e r i g h t h a n d s i d e o f e q u a t i o n ( 2 . 3 ) i s a n t i s y m m e t r i c u n d e r 
i n t e r c h a n g e o f t h e m o m e n t a a n d s p i n o r i e n t a t i o n s o f t h e e m i t t e d e l e c t r o n s . 
L e p t o h C u r r e n t I n N e u t r i n o l e s s 8 8 D e c a y 
L e t u s n o w e x a m i n e w h e t h e r a v i o l a t i o n o f l e p t o n n u m b e r c o n s e r v a t i o n 
c a n b e a c c o m o d a t e d w i t h i n t h e f r a m e w o r k o f t h e t w o - c o m p o n e n t f o r m o f t h e 
5* 
l e p t o n i c w e a k c u r r e n t 
L x ( x ) = ^ e ( x ) Y x ( l + Y 5 ) Y v ( x ) ( 1 . 3 3 ) 
I n s u m m i n g o v e r t h e m o d e s o f t h e i n t e r m e d i a t e n e u t r i n o w e o b t a i n a s p i n 
s u m 
X <e1|Lx("x)|v><e2:v|^(y)|0> 
w h i c h i s p r o p o r t i o n a l t o 
U p o n t r a n s p o s i t i o n o f ; t h e s e c o n d b r a c k e t , t h i s b e c o m e s 
u ( p 1 ) Y x ( l • + Y 5 ) [^ v (3^(k) I
1 - VYAu ( p 2 } 
W e n o w i n s e r t a f a c t o r o f - ^ 1 + , w h i c h i s t h e p r o j e c t i o n o p e r a t o r 
f o r t h e p o s i t i v e e n e r g y o n e . p a r t i c l e s t a t e s o f t h e n e u t r i n o . T h i s g i v e s 
—> —> 
u ( p n W ( 1 • + Y c ) ¥ l + ^)[ Y u u 1 " + v vH(l - YJy, Y u * ( p j 
w h e r e v i s t h e . n e g a t i v e * e n e r g y : n e u t i M i n o ^ s p i n o r a j n p l i t u d e . I t f o l l o w s 
f r o m ,(±.k9) t h a t v * 7i = Yi Y • I f w e u s e t h e n o r m a l i z a t i o n 
•  7 • u 4 4 |ut / % i /-
u u = 8 ; v v = - 6 . 
r s r s „ " r-.-. s r s 
t h e n ( u U + V v ) - 1 
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and we get 
£ (e 1|L x(J ) | v><e 2 v|L (y ) | 0 > 
since Yr- anticommutes with V d̂d commutes with a, and ( 1 + v_) (l — y) 
5 u ... 'i<;,.-, 5 5 is identically equal to ...zero. f|Wel seê therê fpre that iff the lepton weak 
current is. of the. form ( 1 . 3 3 ) neutrinoless 88 decay'cannot take place : 
it is-clearly defeated by the opposite* felicities of the emi%ted;*and ab­
sorbed particles. To ensure, that thejvirtual neutrino which is emmited 
is subsequently absorbed, the lepton current must be modified to include 
a term with the helicity progectiol operator '('1 — y_), weighted by a fac-
• 5 
tor T| which determines the extent of the lepton number violation : 
L̂ (x) = Ye(x)Y.x[(l +*Y5) + T](l - Y5)jYv(3) ( 2 . 5 ) 
Calculation of the Matrix Element 




-*>->^sp "i-CPnX + pxy) -iE-(y - x) d̂x d y 2,1? e X 
r» N k,s 
{̂ (p^Y^d + Y ) + 71(1 - YJ K(2)}{u(P2)Yn[(l + V + 7 1 ( 1 " Y 5 ) K ( ^ ) } X 
(Nf | Jx(x) iNXNlJ^^y)!̂ ) 
^ ~ 2
 + EN " Ei 
( 2 . 6 ) 
U s i n g t h e &ame, . p r p p e d u r e a s b e f o r g ( t r a n s p o s i t i o n o f t h e s e c o n d c u r l y 
b r a c k e t ) t h e p r o d u c t o f t h e t w o c u r l y b r a c k e t s c a n b e s h o w n t o b e 
K1+¥)v,[(i + v +11(1 - - v + + vl u*(v 
W e s h a l l n o w r e p l a c e t h e e n e r g y E ^ o f t h e i n t e r m e d i a t e n u c l e u s b y a n 
a v e r a g e v a l u e ( E ^ > , a s a r e s u l t o f w h i c h a c l o s u r e s u m m a t i o n m a y b e p e r ­
f o r m e d . T h i s y i e l d s 
M , = ^ s s ^ d ^ ( v + 1 v d« 
—> 
k 
- i k - ( y - x ) 
6 < < N f | J x ( x ) J ( y ) | N ± > ( 2 . 7 ) 
where 
E + .k + <E > - E_. 1 x ^ 
v • (2T1) uX } (2-8) 
*i S - ( 2 1 1 ) ^ V \ U*Q2] ( 2 ' 9 ) 
T h e s e c o n d t e r m i n e q u a t i o n ( 2 . 3 ) i s o b t a i n e d f r o m 
.2 
p M' = ~ 
12 2 
k , s 
< e 2 | L ( y ) | v ) < N f | J ( y ) 1 )̂̂  v | L ^ ( x ) | 0 > < w | J ^ ( x ) | n ± > 
( 2 . 1 0 ) 
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or 
k -ik'(x - 7) 
6 <Nf|j (y) Jx(y|.N±>. ( 2 . 1 1 ) E1 + k + <EW> - E 1 ^ 
Since the equal-time nucleon curent operators J (x) and J (y) commute, 
A U 
the total matrix elment is given by 
,3 
m = (i- p12)m> = I-y$ d̂x ^ l ^ 3 + i i X kN
(2 * ) " 
(2.12) 
e 
-i(p-x* + p-JO n -ik-(y-x) ik.(y-S) 
E2 + k+ 6 Ê  + k+ 6 
where . 6 = <E,T) — E.' ( 2 . 1 3 ) and we have made the usual replacement Y -• C iLjfe 
t ^ ( 2 ^ ) 5 ^ k 
There is no upper limit to the energy k of the intermediate 
neutrino. -However, contributions ffrbm'very high values of k are averaged 
out to zero by the large number of oscilations of the exponential terms 
within a region in which the nuclear matrix elment may be considered 
constant. The main contribution to the k integration comes from the 
region in which k R n, where R is the average separation of nucleons 
inside the nucleus (this is taken to be the nuclear radius). Thus the 
most efective virtual neutrinos have an energy 
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E = kc he 2 X lCf
11 MeV-cm R = 1 .2 X Âx 10-13cm 
30 MeV for nuclei with A » 130. 
The energy release for the nuclei of interest is less than 5 MeV, and it 
has been estimated ̂ 2,^y that 6 is no more than 10 MeV, and probably a lot 
less. Because of the relatively large value of k we shal make a Taylor -1 E + k expansion of (k + E + 6) in powers of —-—, keeping only the linear k 
term : 
k + E+ 6 ~ k \ " k 
Inserted into, equation ( 2 . 1 2 ) , this gives 
( 2 . 1 5 ) 
E + 6v -ik-(y-x) E + 6v di-Cy-x)-, ' 
k k 
We shal now perform the k integration. The folowing integrals 
(See Appendix I) will be needed for the evaluation : 
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^ J ( 2 * ) 5 k3 ^ ^ ( 2 , : ) 3 k3 2 A r 2 
w h e r e r ..='" ; ;yv ;- x . 
On c a r r y i n g out.;;, t h e k i n t e g r a t i o n , we g e t r - . , * "v-
2 '"' ' , « - - i ( p j x + p . y ) 
m = I?( \ -*z>v ( N f 'SS j x ( 3 ) v ? ) e — iv + 
y x 
2 - i ( P £ x + p « y ) +' ff V-< N f l^ ̂  ^ Jx(3)jn(y) 5 ZTJ— G ~ 2) |N±> - ( 2 . 2 0 ) 
y — x 
2 - i ( p j x + p - y ) 
- Jl> (E1+ V 26) V<Hfl2S ^ \$KG) 6 (? " S) IV 
T h e N u c l e a r . M a t r i x E l e m e n t s 
The c o n s t i t u e n t s o f n u c l e i a r e a d e q u a t e l y d e s c r i b e d b y t h e n o n -
r e l a t i v i s t i c a p p r o x i m a t i o n , n u c l e a r e n e r g i e s b e i n g much s m a l l e r t h a n 
n u c l e o n r e s t m a s s e s (MeV v s GeV"). The n u c l e o n c u r r e n t w i l l b e w r i t t e n a s 
a sum o f t e r m s , e a c h o f w h i c h a c t s o n l y on o n e n u c l e o n : 
J X ( 2 ) = I T i + \ [ \W + S A Y 5 ) ] 6 3 ( x " ? n ) (2.2D 
n 
= y t m (rj 63(;-?j 
L n v X n v n' 
n 
w h e r e r i s t h e p o s i t i o n v e c t o r o f t h e n ^ ' n u c l e o n a n d T ^ + / " i s t h e 
n n 
( i s o t o p i c ) c h a r g e r a i s i n g o p e r a t o r . I f t h e n^*1 n u c l e o n i n t h e n u c l e a r 
wave f u n c t i o n h a p p e n s t o b e a n e u t r o n , c o n v e r t s i t i n t o a p r o t o n ; 
w h i l e i f i t i s a p r o t o n , t h e r e s u l t i s z e r o . From a b o v e , we h a v e 
(rlf)n == g v + g A Y 5 - (2.22) 
( ? ) n = % Y ^ g A Y Y 5 
= -• i gv a + i gA £ . (2o23) 
I n t h e n o n - r e l a t i v i s t i c a p p r o x i m a t i o n t h e o p e r a t o r s y^axul oc a r e d i s c a r d e d , 
w h i c h i s e q u i v a l e n t t o n e g l e c t i n g t h e ' s m a l l T D i r a c s p i n o r c o m p o n e n t s o f 
t h e n u c l e a r s t a t e s . I n t h i s a p p r o x i m a t i o n , we t h e r e f o r e h a v e 
w h e r e cr. a r e t h e 2 X 2 P a u l i ; s p i n - m a t r i c e s • We s h a l l a l s o w r i t e J (y). = y t("+) (r ) 63(y- 5 ). ' x- (2.25) 
m 
On p e r f o r m i n g t h e x a n d y i n t e g r a t i o n , we o b t a i n f r o m (.2.20) 
2 " i ^ p i r n + P2rm̂  M = -S- (E - Ejl <nJ Y T ( + ) T ( + )(r ) (r ) I |N.> -8it 1 2 f 1 .L n m v V n H m - - 1 i r - r n , m n m 
2 " i ( p l r n + P2rm̂  
I" V <Nj2Y t ( + ) t ( + ) ( T ) (r ) ^ ! _ _ ( r - r ) | N . > + 
8jt a u f 1 L n m v a n u m I J _ 13 • n nr 1 i 
n,m ' n m' 
+ g (E + e.+ 26)̂  . <nj2)T^+\V7J{ri) (r) * — ( ? - ? ) | F . > o 2 1 2 a l l f L i n m a n u. m -» . -» 2 n m 1 i on r — r n,m n m 
( 2 . 2 6 ) 
where (r ) (T ) = g2 6̂,6 - g2 (cO. (o ) (l - 6-,,)(l - 6 ,;) + 
a n [J. m °V a4 [i4 -A Vnv p/m a4'v uV 
+ i 
As indicated before, in all the double beta decays of interest, 
the nuclear states of the initial and final nuclei have spin-parity 0+. 
This means that we must extract from, the operators, sandwiched between, 
the n u c l e a r s t a t e s o n l y t h o s e p a r t s which are invariant under rotations 
and inversions of the nuclear coordinates. When this is done (the de­
tails of the calculation are reserved for Appendix II), we obtain 
nm 
n,m 
+ si < N J y T < + v + > « | N . > } + °A f Z j n m r 1 i J nm 
n,m 
nm n,m 
nm r n,m n,m nm 
k2 
" 5 j ( \ + E2 + 2 6 ) 1 V - P u * ) {g* < N f I X W + > -
n . m 
( h i y t m t « s | h . > + 2&iogyT(+)Tw ^ ^ ^ ^ V . ) } 
f Z j • n m n m 1 1 toA f 1 u n m 2 1 i ' J n , m n , m . . n m 
( 2 . 2 8 ) 
w h e r e (2.2-9) 
n m • 
• r - r 
. - . n m 1 
( 2 . 3 0 ) 
3 ? j i s r e m o v e d f r o m t h e i n t e g r a l s ; a s b e i n g o f t h e o r d e r 
- 1 -. 4 • ' ' S * ''•-»•. i j f-




- T l ( E l - E ^ u ^ h / t p , ) ] I {4 Mx + gf M 2 } + 
U ^ H V P u * ( p 2 ) ] I {g2 M x - g2(M2 - ' E M j ) } - (2.3D 
2 
- I ^ ( E ^ E 2 + 2 6 ) ^ ( ^ ) 1 7 . 5 u * ( p 2 ) ] { g 2 . M 1 - g ^ ( M 2 - 2 M 3 ) } 
hit 
w h e r e M , - < n j y t W t ( + ) | n - > 
f 1 Z - . n m 1 1 
( 2 . 3 2 ) 
n , m 
( r | Y T ' + M + ) S . 3 | n . > 
f 1 Li n m n m 1 1 
( 2 . 3 3 ) 
n , m 
M . < n j Y t W t ( + ) ( ; . ? ) | n . > 
f L n m v n n m 7 m n m 1 1 
n , m 
(2 .3*0 
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We s h a l l make t h e a s s u m p t i o n t h a t p a i r s o f l i k e n u c l e o n s i n t h e 
n u c l e u s a r e p r e d o m i n a n t l y i n " s i n g l e t s p i n . ' s t a t e s . The s i n g l e t t w o -
n u c l e o n . s p i n s t a t e may b e w r i t t e n a s ' ^ ( , : , . 
1° 0 ) n , m = 72 ln(*)m(A) " *(-«*&) > * ' ( 2 „ 3 5 ) 
T h u s 10 0 | 0 0> = ± < n ( | ) m ( - | > - n(-fc)m(« |n(i)m(-|) - *(-fc)m(4) > 
= 1 ( 2 , 3 6 ) 
-* -* V / \a (a) ( - a ) , ~ 
n m L v ' n m ' 5 5 Now 
- - ^ ^ V ' - ^ ' ^ (2.37) 
n m n m n m 
w h e r e a(±) = - ̂  (â iiaj ( 2 0 3 8 ) 
x y (o) 
= CTz ( 2 . 3 9 ) 
T h u s <0 0|CT • CT 10 0> = 
N 1 n m' 
= \ <n(«m(-i) - n(-i)m(4)|(- aV + a°a° - aV)|n(4)m(-fc) - n(-fc)m(« > 
( 2 . 4 0 ) 
R e m e m b e r i n g t h a t 
1 -
s = -o-
s*!J,= ,/ J(j + i ) - n(n + i ) Ij^ ± i > 
s z | j , H > = P | j ^ > 
44 
we set 
(OOff.ff 0 0) n m 
2 <n(i)m(-|) - n(-i)m(« |- \ nft)m(-i) - \ nft)m(-i) - £ n(-|)m(§) + | n(-i)m(4)> 
= - | <n(|)m(-|) - n(-fc)m(i)|n(i)m(4) - n(-§)m(£)> = - 3. (2.41) 
Hence, from (2,36) and (2.4l), we see that 
Ml = "3M2 (2.42) 
If we also make the estimate 9 'that M = M , the expression ( 2 . 3 1 ) 
reduces to 
,2 M = 
- Tl {(El- E2)[n(̂ )Y4 u*(?g)] I + i [n(p̂ )i7.p u*(?g)-G 4~jt 
i ( B l + E2 + 26 (̂p̂ iy-p n̂(;p2) j } (- i g
2 + «f) M. 
3' °V °A/ 2 (2o43) 
, The,; above expression mafr be simewhat simplified by recaling that 
the spinor amplitude u(p) satisfiesrthe relations 
(m + i $,u(pY > 0 
u(p) m + i ̂  = ' 0 
(2.44) 
(2.45) 
where i = y-p 
Taking the complex conjugate of (2.44), we get 
m - i(Y-p + Ŷ ) J u (p) = 0 
where in the Majorana representation we are using 
1+5 
y = Y | vk = - Ŷ  
Further p = p ; p̂  = - p̂  
Thus we obtain 
(m- i # u*(p) = 0 (2.46) 
From (2.46) and (2.45) we then have 
uCp̂fm - i p̂] u*(i?2) = 0 
u(p1)[m + i u*(p2) = , 0 
Adding these two equations, we get 
2m u(p1)/(p2) + u(p1)[i(̂ 1 - j$2)] u*(p2) = 0 
whence 
uCîJlY-p u*(p2) = (E1 - E2)u(p1)Yi+û (p2) - 2m û u*̂ ) (2.47) 
P S P l - p 2 
Substiuting (2.47) into (2043), we obtain 
M = \ £ v*l - 5 4>[ ( E i - - h +12 + 2S) 
ts," 2» u ( P l ) u ( p 2 ) ( i - ) ] M 2 , . , (2.48) 
k6 
or M = i ' | j H(g2 -|4)[A -(K .̂v̂ u'CpJ - B- u ( ^ < ( p 2 ) ] M2 (2.1*9) 
.;lt, •f^fisz + 25 
whewV*.. A * s^-J^-^C^ ] - (2.50) 
En +'E^"+ 26 
f B -=.,, 2m r 1 " 1 "2 " w 1 
We now take" the squared modulus of the matrix element M and sum 
over the electron spins, to give 
V , M ,2 l , G 2 x 2 / x 2 2A2 r .2 E j E 2 " 1 + P l * P 2 J_ 
V S 2 1 2 
2 EE - 1 - pop E - E n 2 
+ B - i - ^ + 2 AB -± ^ 1 MQ 2 ( 2 . 5 2 ) 
E 1 E 2 . E 1 E 2 J 2 
where we have used (see Appendix III) 
S 1 ' S 2 1 2 
l r ^ ) i 2 (̂ ) 
S 1 ' S 2 1 2 
XĈ Jv/fPa)] [ u ( p > * ( p 2 ) ] = I [ u ( P i ) u * ( p 2 ) ] [^(?1)v/(P2)] 
! 1 ' S 2 S 1 ' S 2 
( 2 . 5 5 ) 
Equation ( 2 . 5 2 ) can be written in the form 
£ |M|2 = P(E]_,E2) + Q(E l 5E 2) cos 9 ( 2 . 5 6 ) 
S 1 ' S 2 
P l ' p 2 
where cos 9 = ( 2 . 5 7 ) 
P 1 P 2 
* - M ^ f H - 4)V» • -*> S C i + 2 A B ^ ] ,M 2, 2 ( 2 , 8 ) 
E 1 E 2 E 1 E 2 
E 1 E 2 
The calculation of the decay irate will be carried out using units 
in which n = c = m = l ,m being the electron mass. Thus the electron 
energies are given by E^ = e.. + 1 (i = 1 , 2 ) . , where is the kinetic 
energy of the î *1 electron. The energy release eQ is equal to the 
maximum kinetic energy of either electron, i f we neglect the recoil of 
the daughter nucleus. 
Using ( 2 „ 5 6 ) , the decay rate }S0^ (we shall use the superscripts 
(o) and (2 ) to distinguish between the rates•of no-neutrino and two-
neutrino decay) is given by 
(o) C d p i d p ? - Z >/ -
\K U 2 * \ ± -f (P:+ Q cos 9) 6(e - e - e ) 
^ ( 2 ^ ) 3 ( 2 ^ ) 3 o l 2 
= ( 2 t t ) " 5 ^ P 1 ( e 1 + 1 ) P 2 ( e 2 + ^ [ ^ V ^ + C ° S 9 ] X 
X 6 ( e Q - e]_ - e 2 ) dG^ dQ 2 &e± d e 2 ( 2 . 6 0 ) 
1+8 
I n o r d e r t o e v a l u a t e t h i s i n t e g r a l , w e : f i r s t s u p p o s e t h a t t h e m o m e n t u m 
—> 
o f o n e o f t h e e l e c t r o n s , p ^ s a y , i s f i x e d , i n . t h e p o l a r d i r e c t i o n . T h i s 
g i v e s 
W e t h e n i n t e g r a t e o v e r a l l p o s s i b l e d i r e c t i o n s o f p , w h i c h g i v e s a 
f a c t o r o f kit. S i n c e t h e e m i t t e d e l e c t r o n s a r e i d e n t i c a l , w e m u s t i n s e r t 
a n i n d i s t i n g u i s h a b i l i t y f a c t o r o f ^ . T h u s t h e p a r t i a l r a t e f o r t h e e m i s s i o n 
o f t w o e l e c t r o n s w i t h m o m e n t u m m a g n i t u d e s p ^ a n d p 2 a n d a n a n g l e 9 b e ­
t w e e n t h e i r d i r e c t i o n s i s g i v e n b y 
d Q 0 = 2it- s i n 9 d9 
| ( 2 J r ) ' 5 ( l + J r ) 2 ^ l ) 2 ( e 2 + l ) 2 [p(e 1 ,e 2 ) + Q l e ^ ) c o s 9 ] X 
0 
X 6 ( e - e_ - e J - s i n 9 d9 
o 1 2 2 ( 2 . 6 1 ) 
| ( 2 J r ) ' 5 ( i + J r ) 2 ( e i + D 2 (e 2 + l) ̂ ( e ^ ) 6 (eQ - ^ - e g) ( 2 . 6 2 ) 
u s i n g p_^ = 1 ( i = 1 , 2 ) . F r o m e q u a t i o n s (2 .5O) , ( 2 , 5 1 ) a n d 




x 6 ( V _ G i _ e g ) ( 2 . 6 3 ) 
w h e r e C = | ^ f ! ( G 2 T l ) 2 : ( 3 s 2 - . g 2 ) 2 | M 2 
2 (2 .6U) 
h9 
f(vs2> = (sr e 2 ) 2 [ ( e i + 1 ) ( e 2 + 1 ) - 1 B _ * (W 26 + z~. ( 2 . 6 5 ) 
g(* L,. 2) = [_(V 1 ) (e2+ 1 ) - i j _ - -(V e2+ 26 + 2) 
"1 1 , 
( 2 . 6 6 ) 
h(Ve2) = ( V e2)2g - i(e1+S2+ 2 6 + 2]g - ±(y-«2+ 2 6 + 2 ] ( 2 . 6 7 ) 
O n e v a l u a t i n g ( 2 . 6 3 ) w e o b t a i n t h e M e l l o w i n g e x p r e s s i o n f o r t h e r a t e X 
o f n e u t r i n o l e s ' : S - ; 8 8 d e c a y : • 
(o) 
x(0) = |(2C!(52.)2te2_s2)2 x 
5 - ^V'26 + ^ ] + k \ j ~ -:(eo' 2S + 2 ) . ] S ( ^ + 
r| _ i ( v 26 + 2 ) | i _ ±(V 26 + 2)] h (,o >j. t M 2 , 2 ( 2 > 6 8 ) 
w h e r e — eYe5 + l 4 e 2 + 7 7 s + 7 0 V ( 2 . 6 9 ) 
210 o \ o o 1 1 o 1 / \ s/ 
6(« 0) " 3 0 e o \ e o + 1 0 e + 3 5 e + 3 0 o o ( 2 . 7 0 ) 
1 V 2 
= T e e 
^0 o \ o 
. v . + l O e + 1 0 
3 \ o o ( 2 . 7 1 ) 
S o f a r w e h a v e n e g l e c t e d t h e e f f e c t o f t h e d a u g h t e r n u c l e u s o n t h e 
e m i t t e d e l e c t r o n s , , T o t a k e a c c o u n t o f t h i s , w e m u s t g i v e s o m e c o n s i d e r ­
a t i o n t o t h e d i s t o r t i o n o f t h e e l e c t r o n w a v e f u n c t i o n ( f r o m a p l a n e w a v e ) 
d u e t o t h e C o u l o m b c h a r g e o f t h e d a u g h t e r n u c l e u s . A n a p p r o p r i a t e c o r r e c t ­
i o n f o r t h i s e f f e c t m a y b e m a d e b y i n s e r t i o n o f t h e F e r m i f a c t o r 
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F ( Z , e) = 2jtQ£ e + 1 P :J 1 - e x p ( - 2*02 
e + 1 ' —J , - 1 ( 2 , 7 2 ) 
w h e r e a = — ~ i s t h e f i n e s t r u c t u r e c o n s t a n t . A g a i n u s i n g p & e + 1 , 
157 
we g e t 
F ( Z , e) = 
137 
• 1 - exp(-g|)] - 1 ( 2 . 7 3 ) 
w h e r e Z i s t h e a t o m i c number o f t h e d a u g h t e r n u c l e u s . A l s o , i n s e r t i n g 
a p p r o p r i a t e p o w e r s o f m, c a n d n t o e n s u r e d i m e n s i o n a l c o n s i s t e n c y , we 
oh t a i n " t h e f i n a l e x p r e s s i o n f o r t h e r a t e o f n e u t r i n o l e s s d e c a y : 
•(q) 1 (2̂)"̂  4 2,. .2 , 2̂ 2.Ani7c\/'27rZ\2 f , 2̂ T2 
; i _ - ( e o + 2 6 + 2 ) | g ( 0 + 
+ 4 | - f ( e o + 2 6 + 2 ) ] h ( e o ) } | M 2 | 2 ( 2 . 7 4 ) 
I t may b e o f some i n t e r e s t t o c o m p a r e t h e e x p r e s s i o n (2.jk) w i t h 
(31) 
t h e r e s u l t s q u o t e d i n t h e l i t e r a t u r e . P r i m a k o f f a n d R o s e n h a v e o b t a i n ­
e d t h e f o l l o w i n g f o r m u l a f o r t h e r a t e o f n e u t r i n o l e s s d e c a y : 




w h e r e 
E , E - L 
2 ^ | M 2 | 2 
E 1 E 2 
16 U k p ? ( e + l ) ( s +1) - 1 „ 
9E 
•2' ( e 1 + l ) ( e 2 + l ) ' 2 
5 1 
Thus according to these authors, 
> ) = ( & ) - ' 4 4 ; V | M 2 | 2 x 
e e 
o o 
X 5 5 ( V l ) : ( e / I ) ( e r e 2 ) 2 [ ( ^ D (*2+ l) - l ] ( « , - c- d«. 
0 0 
= ( 2 « ) " 5 ^ g ^ V f ( . 0 ) |M 2 | 2 ( 2 . 7 7 ) 
We see that of the three polynomials f ( e G ) j s ( e 0 ) h ( e 0 ) i n equation 
( 2 . 6 8 ) only f(eQ) appears in ( 2 » 7 7 ) . In Reference (31) the last term of 
equation ( 2 . 2 6 ) , which contains the quantity (E^ + Eg + 2 ) , appears to 
have been omitted. As a result, equations (2.49) to (2.51) are modified 
by the substitutions 
. E + E + 26 n k 
n E i + E z + 2 6 i 2 




( 2 . 7 8 ) 
* [ ( A , 2 + B ' 2 ) ( ^ E ^ ) + 2 A ' B ' ( ^ 7 ) ] 5 ( S o - 6 1 " « 2 > d 6 l d S 2 




x(0 = i ( 2 ) t ) - 5 ^ \ 2 0 2 _ g 2 ) 2 | M 2 , 2 J ̂ ° ( v x ) x or 
2 " " OJ- ' A ~V 1 Z1 
0 0 
x |W ^ , e § ) + % g,(^,e2)*+--4h'(e1,e2)^ ^feg) ' "d^ de2 (2.79) 
f '<V e2> = © ^ ^ ) 2 [ ( e i + l ) ( e ^ l ) r ^ . 
R 
Thus all three polynomials f(e ) , s ( e Q ) 8 2 1 ( 1 h ( e 0 ) should s t i l l appear in 
the expression for tS°^. An examination of (2.77) shows that only f(eQ) 
appears because, evidently, the following additional approximations have 
been made 
B * « 0 
* 2 2 x 2 5 g A - g v « 3 g A 
With these approximations, equation (2.78) becomes 
e e 
o o 
Jo) _ l ( 2 j t )-5 J£^\2{9gk^ l M g , 2 J ̂  ( V 1 ) < V 1 } x 
8ie 0 0 
x (ex - e2)2 1) ( . + 1) - l] 6(«0- V . g ) <U. 
= |(2 j t)-5 - 4 b W f ( « P ) K1 2 (2.80) 2 9R^ ° 2 
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This expression is smaller than the rate ( 2 . 7 7 ) given by Primakoff and 
] Rosen by a factor of 
An earlier calculation of the rate of neutrinoless decay was 
made by Gruelling and Whitten^'^ . By analogy with the nucleon current 
J = ¥ Y. (l + x y c ) Y ; x = - ^ 
^ P \ 5 n g y 
the lepton current was assumed to be of the form 
= ^ e Y x [ l + (X + 1 1 V ] T v ; y = X + • i f (2.81) 
Neutrinoless decay is then considered to arise from the creation of 
an incompletely polarized intermediate state Majorana neutrino which 
may be reabsorbed by the intermediate nucleus. 
In order to examine the results of Reference (36) we shall write 
the lepton current ( 2 . 8 l ) in the form 
h = ¥ e \ [ ( l + ̂  + V - K ( l - V K 
A summation over the modes of the intermediate neutrino (see pp J>k - 35) 
then yields a factor 
- H V + 2) ̂ ) v ^ > i ^ ) v k Y x u * ( p 2 ) 
5 4 
I 
f.(e ) = - i - eYe 5 + 7 e 2 + 75 e + ^ 2 ) 7̂  f(e ) 1 o 210 o \ o ' o xy o 2 / • o 
f ( e ) = — e 2 ( e 5 + 10 e 2 + 35 e + 30) = g ( e „ ) 
2 V o y 30 o v o o ^ o ^ y B V O ; 
r ( e ) = — e 5 ( s 2 + 10 e + 10) = h ( e ) 
3 o 30 o o o o 
( a s s u m i n g 7] <z l).9 a s o p p o s e d t o t h e f a c t o r 
m u C p ^ y ^ x + ^ \ y x u * ( p 2 ) 
w h i c h i s o b t a i n e d b y u s i n g t h e l e p t o n c u r r e n t 
W e s h a l l t h e r e f o r e a s s u m e t h a t 
- V » 7 1 . ( 2 . 8 2 ) 
I n R e f e r e n c e (36) t h e * ' o u t g o i n g e l e c t r o n s a r e . d e s c r i b e d b y C o u l o m b 
w a v e f u n c t i o n s a n d a* f i n i t e n e u t r i n o m a s s / ' m ' I s a s s u m e d . U s i n g m = 0 . 
a n d p l a n e w a y e s ; f o r ' t h e e l e c t r o n s . , , t h e - r a t e o b t a i n e d b y t h e s e a u t h o r s b e ­
c o m e s . ;, X; 
= ( 2 j t ) " 5 ^ . T l ' 2 {\x\\ti/+-&\\(eQ) + 2 R e ( X X ^ ) f 5 ( e o ) } ( 2 . 8 3 ) 
w h e r e X = g | ( M g + M ) + 2 g ^ 1 
x ' = g A ( 2 ] V I 2 - M ^ ) + g 2 M 1 
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We note that there is a slight discrepancy "between the f-j_-(e0) of Reference 
(36) and the f(eQ) of equation (2.69) and. Reference (31). Making the 
assumptions Mn = — r? Mo and M_ = M_ equation (2.83) reduces to 
1 3 2 2 3 
4 
A
( 0 } = (2^-5 | I Tl 2 (3g 2 . - g 2 ) 2 { 4 f ] L(e o) + g(eo) + 4 h ^ ) } | m 2 | 2 (2.8k) 
This is to he compared with equation (2.68) 
+ k 8 - ^(eo+ 2 6 + 2 ) E - i ( eo + 2 6 + 2 ) ] h(«0)} <2-68> 
In the approximation" 
I » i(eQ + 26 + 2) (2.85) 
equation (2.68) reduces to 
k 2 
l ( o ) = 2(2*r5 S J _ ( 3 g 2 - g 2 ) 2 {U f ( « o ) + g ( « Q ) + h h(e o)} |M 2 | 2 (2.86) 
8lR 
Apart from the discrepancy between ^-j_(e0) a n ^ L £ ( e Q ) > the expression (2.86) 
is larger by a factor of 2 than the result (2.84) obtained from Reference 
(36). 
We note that in References (31) and (36) the energy gap 6 has been 
omitted from the calculation. In (3l) the quantity E. + 6 + k (i = 1 , 2) 
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has been replaced by k, while in (j>6) the approximation ( 2 . 8 5 ) has 
apparently been used. When the numerical constants m, c and n are insert­
ed, this inequality becomes .. ?• " . 
I » 2 tf)(v + 2 * + 2> 
where " ' R = 1 . 2 A ^ x 10" 1 5 cm. 
However, there seems to be no a'priori reason to make these approximations, 
especially in light of the estimate 6 ^ 20 made by these authors. For 
example, using A 1 ^ « 5 , eQ = 5 and 6 = 1 0 , we get 
i « 2 X 1 0 1 2 cm"1 
R 
2 ( ^ ) ( e Q + 26 + 2) » 0 . 3 X 1 0 1 2 cm"1 
The energy gap 6 i s , in general., not known but as we shall see later, 
the magnitude of the parameter 7] is rather sensitive to the value of 6. 
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CHAPTER III 
THE TWO-NEUTRINO PROCESS 
- - - - (2) 
In this Chapter we shall! calculate the-rate 1 7 of the two-
neutrino processv\|This differs from the n o - n e u t r i n o process in the im­
portant respect that there are now-four1 leptons (e^, e^, v^, -.v̂ ) in the 
final state, and we can return to the usual two-component form of the 
leptonic weak current 
V = V X ( 1 + V V v ( 1 - 3 5 ) 
The mechanism responsible for the two-neutrino process can be represent­
ed by the diagrams shown in Figure 2. The matrix element corresponding 
to the first process is 
M ( i ) = g ! C f , 3 - , 3 : 
{ 
( e 2 v 2 | ( y ) 1 0 ) ( N f \ ( y ) \ N > ( e ± ^ \ L ^ ( x ) | 0 > < n | J ^ x ) | n ± > 
k + E + W — W K l 1 N i 
< e 1 v 1 | L i ( 3 ) | 0 > < N f j J x ( x ) | N > < e 2 v 2 | L ^ ( ? ) | 0 > < N | J ^ y ) | n ± > 
k + E + W - W 2 2 N i 
} ( 3 . 1 ) 
th th 
where k . , E . (j = 1 , 2) are the energies of the j neutrino and the j 
electron, respectively °9 Ŵ  is the energy of the intermediate nucleus, 
Figure 2 . Second Order Weal Diagrams for Two-neutrino p£ Decay,-
and VL- is the energy of the initial, nucleus. We shal again replace Ŵ 
by an average value (Ŵ). Then performing the closure summation over the 
complete set of intermediate nuclear states, we get 
M • M S * * E 
{ 
+ 
[u(p2)Ŷ (l +• Ŷ)u(H2) ][̂ (P1)\(1 + Ŷ (̂ )] kl + EI + 6 
[̂ (P̂ V1 + Ŷ).u(k1) JuCp̂ŶCl + Ŷ )u(k2)] k + E +6 2 2 
+ 
} 
X <Nf|Jx(S) J G)]\) (3-2) 
where <W,T) — W. = 6, and we have used the fact that J (x) and J (y) commute. As before, we take 
.(+) J (x) = Y T(+)(rJ 63(x- ? ) (2.21) V J L n v Vn v ny v ' 
n j (y) =• Y T(+)(r ) 63(y- ? ) (2.25) u Z_i m x u r n w m 
m 
where (7 ) q = ^ 1 « A ( a n > x ( l ~ V " M ) 




K [ U ( P 1 ) \ ( 1 + Y 5 ) u ( ^ _ ) . ] [ u ( p 2 ) Y ( 1 + Y 5 ) u ( k 2 ) ] ; X 
n / , \ / . \ -i(Pn-r + p » r ) i ( k * r + k « r ) . 
x <nJ y T ( + ) T ( + ) ( r , ) (r ) e 1 E 2 m ' e 1 n 2 m In.) ( 3 . 3 ) 
N f 1 L n m v i n u, m 1 1 :.-.n,m 
w h e r e K - (3.4) 
+ + 
S i n c e we a r e c o n s i d e r i n g o n l y 0 -» 0 t r a n s i t i o n s , t h e o p e r a t o r 
s a n d w i c h e d b e t w e e n t h e n u c l e a r s t a t e s m u s t h e i n v a r i a n t u n d e r r o t a t i o n s 
a n d i n v e r s i o n s o f t h e n u c l e a r c o o r d i n a t e s . We t h e r e f o r e r e p l a c e t h e 
e x p o n e n t i a l , . t e r m s b y u n i t y , t o g i v e 
M 
( i ) . :V 
n , m 
w h e r e (3.6) 
B ^ = ^ 2 ) Y ^ l + Y 5 ) u ( 2 2 ) (3.7) 
a n d (r ) (r ) = gf_ 6 . 6 . - g ^ ( c j . ) ( a ) ( l - 6 , ) ( l - 6 , ) + 
+ 1 ¥ a 
We s h a l l w r i t e e q u a t i o n (3*5) s y m b o l i c a l l y a s 
M ( i ) G 4- k a b ( r j (r ) (3.8) 
I n o t h e r w o r d s , i n (3.8) (T , ) (T ) i s a s h o r t h a n d n o t a t i o n f o r 
' I n p / m 
6 o 
<NJ Y T(+)T(+)(R ) (R ) |N.> 
N f 1 L> n m X. n u m' 1 n.m 
Thus we may w r i t e 
M^1) = ^ K A B K U r ) + ( r j f r ) . 4 X (I. LS: \ - n K P.' M V FTNV VMJ (3 .9) 
S i n c e t h e . e x p r e s s i o n i n square ; ; b r a c k e t s i s s y m m e t r i c i n t h e i n d i c e s \ 
a n d u , A B . may : ! b e r e p l a c e d b y i t s s y m m e t r i c p a r t . , t o g i v e 
As e x p l a i n e d i n A p p e n d i x I I , we n e e d o n l y c o n s i d e r t h e c a s e s \ = h ; 
fi = k a n d ~k = j j fi = k . The f i r s t c a s e g i v e s 
M ( i ) (i = h } „ = 4) = § A ( 2 A k B k ) [ 2 ( r 4 ) n ( r k ) m ; 
2 4 ( V l f ) M l ( 3 . 1 1 ) 
w h e r e - <NJ y T(+)T(+V.> 
f 1 Z_. n m 1 I 
( 2 . 3 2 ) 
n,m 
= J ; [i = K) = - I G2 ĜK! (A B + A . B . Y ( o \ ) ( a . ) + ( a . ) ( a . ) 1 v ° ' ^ 7 o A \ J K K n / L rj n KM K n j MJ 
S + | 6 .. (CT • a ) 
. 3k 3 j k n m7 
( 3 . 1 2 ) 
( 3 . 1 3 ) 
w h e r e R „ a n d S , a r e i r r e d u c i b l e t e n s o r s d e f i n e d b y 
<jk j k 
R = A B + A B . •+ \ 6 ..• A«B 
<jk j k k j 3 
6 1 
S,v = (OnWrn + K U ^ r r , "I 6 °n ̂ rr, (3-15) 
jk jnkm knjm Jjknm The tensors R._ and S .. are traceless (R. . = S .. = 0) and so the only Jk jk j j j j 
nucleon scalar available from ( 3 - 1 3 ) is 
where M0 = <nJ ^ T ( + ) T M J . J U ) ( 2 . 3 3 ) 
2 f1 LJ n m n m1 l 
Thus for 0+ -* 0+ two-neutrino transitions we have 
M ( i ) = ^ G ^ { g ^ [ u ( ^ ) Y u ( l + Y 5 )u(^)][u(? 2 )Y 4 ( l + 7 5 ) ^ ^ . 1 ^ -
" 3
 SI [ ^ l ^ 1 + Y ^ u C k ^ j . ^ u ^ Y d + Y 5)u(k 2)] M2 } (3.16) 
The matrix elment M^"^ coresponding to the second diagram in 
Figure 2 is obtained from by interchanging the roles of v and v , 
J- Li 
i.e. M ( i i ) = P 1 2 M ( i ) 
M ( i i ) = ^- iG 2 L{4[u(5 2 )Y l t ( l + Y 5)u(S 1)][u(5 1)Y 4(l + Y 5 ) u ( k 2 ) ] M l -
- i g 2 [u(p2)Y(l + Y )̂ . ( ^ j J i l p j Y d + Y 5)u(k 2)] Mg } (3.17) 
where: ' . L = -——" + - - (3.18) 
" • ' • k 2 + E l + ' 5 k l + E 2 + 6 , -
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' % / T h e total matrix element for two-neutrino, pp. "decay is then1 given by 
M = ( 1 - P 1 2 ) M ( l > = -V" J i ^ ' 
= \ G ' K {4 P M l " 5 gA Q M 2 } " I G ' L 1 4 P ' M 1 - 5 4 Q ' M 2 } ( 3 ' 1 9 ) 
where P = [ u ^ ) Y ^ ( l + Y ^ M ^ ) ][g(p 2) Y ^ ( l . + Y ^ M ^ ) ] ( 3 . 2 0 a ) 
Q = [ u ^ y U + Y ,-)^(k 1)] 0[u(5 2)Y(l + V 5)^(k 2)J ' ( 3 . 2 1 a ) 
P and Q are obtained from P and Q, , respectively, by interchanging p^ 
and p 2 : 
= [u(p2).Y4(l + Y^uC^y^Cp^V^Cl^ Y ^ ' S ^ ] ( 3 . 2 0 b ) 
q ' = [^(P 2)7(l + Y^)u(£^ j.|~u(p^)y(l + Y 5)u(k 2)] ( 3 . 2 1 b ) 
Equation ( 3 . 1 9 ) ^ay "be written as 
M = \ g 2 G 2 ( K P — L p ' ) — G 2 ( K — L Q, ) M , ( 3 . 2 2 ) 
We must now evaluate the quantity^) | M | 2 , where denotes 
summation over the spin orientations of the emitted electrons and neu­
trinos o We will then take the average over the directions of the neu­
trino momenta and denote the result by ^ . This gives (see Appendix 
ave 
i n ) 
63 
IL_M| 2 . 4 ^ [ ( k 2 + L 2 ) - k l ( i + ^ ) ] | m 1 | 2 + 
a v e k_ , k „ 2 
l 5 2 
1 4 " I F T(K2+ L 2)(l - | ̂  + KL (l - I , M ,2 _ 
L v y \ 3 E ^ ' / v 3 E E / J 1 21 
+ 3 g A G 
- 2 4 SI ^ KL (l - | ; ^ 2 ) Re (M* M 2) (3.23) 
1 2 
w h e r e K = ^ + — — (3.4) 
k + E + 5 k 2 + E 2 + 6 
L = + - - ( 3 . 1 8 ) 
k 2 + E l + ' 6 k l + E 2 + 5 • 
* We s h a l l make t h e ^ f u r t h e r a p p r o x i m a t i o n q f n e g l e c t i n g t h e d i s ­
t i n c t i o n s among the" l e p t o n . . e n e r g i e s , i n t h e e n e r g y d e n o m i n a t o r s o f (3-4) 
a n d (3.18). The e n e r g y s p e c t r u m o f k . + E . ( i , j = 1,2) m u s t b e s y m m e t r i c 
i n t h e i n d i c e s i , j a n d h e n c e t h e s p e c t r u m a v e r a g e o f k ^ + E . m u s t b e i n ­
d e p e n d e n t o f t h e i n d i c e s i a n d j , a n d we t a k e t h i s a v e r a g e t o b e - | E , 
•where E = k + k + E + E = k + k + ( e + l ) + ( e + l ) (3-24) 
o 1 2 1 2 1 ^ 1 c 
a n d b e i n g t h e k i n e t i c . e n e r g i e s o f t h e e l e c t r o n s . T h e e n e r g y r e ­
l e a s e f o r t h e d e c a y , i . e . t h e maximum k i n e t i c e n e r g y o f e i t h e r e l e c t r o n , 
i s t h e n 
e = E - 2 (3.25) 
0 0 
T h u s we w r i t e 
6h 
K 
% e + 2) 
_2X o y + 6 
e + 26 + 2 
o 
(3.26) 
With this approximation (3.23) "becomes 
L>i2 - | «V [(4 + -??) + 6VI C1 - i ^ r f i K \ 2 
ave k ,k 1 2 1 2 
1 ? 2 
where "we have used 
(2.42) 
We shall write equation (3.27) as 
I I M 
ave k 1 ? k 2 
1 4 2 / P 1 P 2 
± G-V A - B 9 V E E (3.28) 
where A = (g | + 3g;|) 2 | M?| 
B = + 2g 2 g| + 9G2) 1 M21 
(3.29) 
(3.30) 
The partial rate for the production of two electrons with their 
momentum magnitudes in the range dp.̂ dp2 and an angle 9 between their 
emission directions is given by 
ax ( 2 > = 2* 
d-V d^p d-pk1 a-V „ 
1 2 I - r f « V - - i - « 2 " k i - ^ I J M I' (2*) 5 (2*) 5 (2*)^ 2*) 
ave k ,k 
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/ o 2 , 2 , . 2 . . . 2 , . , ^ ( e n ) ^(ej^(K ) " . f k ) V = (2it) p ^ d p p dp k dk k dk df i v l ' d f i v 2/d£R l ' d f i v 2 y £ M I 2 X 
a v e k wk 
1 * 2 
x 6 ( e Q - e.L - e g - ^ - k g ) ( 3 - 3 1 ) 
I n t e g r a t i n g o v e r d Q ^ k l ^ $ AND .*<|$f ^ 2 } - g i v e s a . f a c t o r o f ( l + j t . ) 2 . The i n -
t e g r a t i o n o v e r t h e e l e c t r o n d i r e c t i o n s i s c a r r i e d o u t b y c o n s i d e r i n g p , 
s a y , t o b e f i x e d a n d integ^TCN^ L~over t h e d i r e c t i o n s o f p ^ r e l a t i v e t o 
P 2 ( t h i s , g i v e s a f a c t o r o,f Zr t . / s in 9 d 9 ) ; we t h e n i n t e g r a t e o v e r a l l 
p o s s i b l e d i r e c t i o n s o f p 2 , w h i c n g i v e s AN a d d i t i o n a l f a c t o r o f kit. S i n c e 
two p a i r s o f i d e n t i c a l p a r t i c l e s a r e e m i t t e d ; ; a h i n d i s t i n g u i s h a b i l i t y 
f a c t o r o f m u s t a l s o b e i n c l u d e d . ; ' T h u s we o b t a i n f r o m ( 3 » 3 l ) 
(2 ) 
= !i ( 2 J t ) " 7 G I f K 2 [ P2PS2k2 6 ( e - e - e - k - k j dk dk x 
d p - L d p 2 9 . j 1 2 1 2 o 1 2 1 2 1 2 
X ^ (A - B c o s 6)A| s i n 9 d0 (3^32) 
0 
e e 
0 o = \{Z«)-\V A J I ( V l) 2(c 2 + 6(« 0- e r e- ^- k ^ d * ^ ^ 
0 0 
U s i n g t h e 6 - f u n c t i o n t o p e r f o r m , t h e k 2 i n t e g r a t i o n , we g e t 
(2 ) 0 1 2 
= - ^ - V K 2 A ( e 1 + l ) 2 ( e + l ) 2 [ k 2 ( e - e- e - t ) ( 3 - 3 ^ ) 
de d e " 1 2 J 1 o 1 2 1 J . v 
1 2 0 
= ±(Z*)-\\2 A ( e 1 + 1 ) 2 ( « 2 + I ) 2 ( V ^ " ^ ( 3 . 3 5 ) 
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The partial rate for the emission of one electron, ê  say, with kinetic 
energy in the range dê , is given by 
= J ( 2 . ) - W a - i de y 1 30 o 
1 o 1 
whence 
dX<2> = |(2«)-^K2A(e1 + 1 ) 2 ( V e / ^ > 0 - e i ) + 8 ( V e i } + 28 de. 
(3.37) 
The total decay rate is obtained by integration of (3*37) • Inserting 
the Coulomb "correction \ 2.73')-; • -'We? -.obtain «T/ f '' '. ' : ' 
^ 1 'S I 2 T1 " LI)I2 k ( eo) ^.38) 
where = . «
7 . ( 
• o \ 
i ^ l ^ 1 2 . ^ -1- -3 , ?'• i 1 + — e + — e.-" + —- e l + —rr- e 2 o- 9 o , 90 o 1980 o (3.39) 
Finally, substituting for K and% from (3«26) and (3*29) and inserting 
appropriate powers of m, n and c to restore dimensional consistency, we get 
(2) 16 Gk / m c N 1 1 1 (, 2 M 2 \ 2 /2*Z\ 2 Fn A 2*Z \T 2 v 
= 9: tr; "ihf l 5 g A + %i V137/ L1" e x p r 137/J x 
it n c m c 1 1 
k(e ) „ 
(e +26 + 2) o 
(3. to) 
This expression agrees with the result obtained by Konopinski 
However, we are unable to obtain the result quoted by Gruelling and 
(37) 
Whitten^^ , which is larger than-' (3.if0)-by a factor of four. 
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CHAFER IV 
COMPETION BETWEN NEUTRINOLES  MD TWO-NEUTRINO DOUBLE BETA DECAY. 
i Combikn|ng.̂equations (2.7k) 'and" (3>-40) , we obtairf the"ffolowing 
expression for the total rate \ •= + }J2 ôf double beta' decay : 
Bi l̂ nAwl I1" expv~ I3t)J ,x. 
X {t!2(3s2 - g2)2 [p2f(eG) + k ^UQ) + 4 PQ h(eQ)] + 
+ 2S ( 3 2 + 2)2fmcA2 ^ 1 , ,2 ( 
+ 35t5gA VUJ (£ + 26 + 2)  J" I M2l .̂1) 
where 
R =.„(l.2 A1'5) 10"13 cm (h.h) 
e{eo] = 35 So (£o + 10 So + 35 So + 5°) (2'7°) 
h ( « o > = jo
 So (6o + 10 So + 10) (2-71) 
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The half-life of the decay is given by 
In 2 
T = — — sec 
A 
In 2 1 
x 3.156 X 10 7 
years 
= 10 years 
or A = 
.In 2 
3.156 X. 101 X io_ 
year 
-1 
and substituting this into (h.l) ? we get:-
v"l 
(3g2 " g 2 ) 2 [P 2f (e o) + 'k Q2g(eo) + k PQ h(e o )] 
x & f p z V h 1 1 1 
1 - exp1 
/ _ 2orZ\ 
In- 2 1 
3 2 ^ " ? \ ? m ^ " 3.156 x x 10T " j m J 2 
32 (,2 M 2\2(mc\Z k ( e e ) ; -1 
35 K + h f ) + 2 6 + 2 ) 2 I 
o 
We give here the values of the numerical constants which will be needed 
in subsequent calculations : 
h = 60626 X 10 " 2 7 erg-sec 
-28 
m = 9.1 X 10 gm 
10 c = 3»0 X 10 " cm/sec 
G = 1.̂ -35 X 10~^ erg en? 
g v = 1 ; g A = 1»2 
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The greatest uncertainties in evaluating the parameter T| stem 
* It has been shown by Primakoff and Sharp that' a Majorana neutrino 
coupled within the lepton weak current in such a way that i t appears' in 
a linear combination of helicity.'states with relative weight T] (T| com­
plex) describes both lepton number and CP violation. Since we are not 
concerned here with the question of CP violation, we shall suppose that 
7] is real. 
from our ignorance of the energy levels of those intermediate nuclear 
states with spin 0 or 1 , the magnitudes of the nuclear matrix-elements 
and, to a lesser extent, the experimental lifetimes of the decays. It 
will he seen from the decay schemes of the nuclei under consideration 
128 
that, with the exception of Te, l i t t le information on the values of 
130 
the energy gap 6 is available. In the case of Te, which has a half-
2 1 . 3 ^ 
l ife of 10 * years, a lower limit can be set oh the value of 6 by im-
•* 
posing the requirement that 'Tl be real . Alternatively, we may compare 
(2 ) 
the theoretical values of the two-neutrino rate V (as a function, of 6) 
- 2 2 - 1 
with the known overall experimental, rate ~k = 3«2 X 10 year , and use 
(2 ) 
the fact that a must be less than \ . There is as yet no firm experi-
kQ 128 
mental data on the half-lives of Ca and Te. In the former case only 
lower limits are available, the most recent being those of Bardin et al . 
2 1 
who found the half-life of the no-neutrino process to be > 2 x 10 years 
, 19 
and the half-life of the two-neutrino process to be > 3.6 X 10 years. 
22 .5 
In the latter case the half-life of 10 years obtained by Takaoka and 
Ogata^^is subject to a possibly large experimental error. 
We must now examine the important question of the magnitudes of 
the nuclear matrix elements, about which there is s t i l l considerable 
theoretical uncertainty. The usual procedure has been to separate out 
7 1 
the dimensional factor R 1 ( r is the nuclear radius) and to assume that 
the remaining dimensionless integral over the nuclear variables is con-
stant for all nuclei and has a value ^ 0.1. As Khodel has pointed 
out, however, this ignores the possibility of fluctuations in the mag­
nitudes of the nuclear matrix elements due to variations in the number 
of nucleons in the nucleus. He has suggested a method for the evaluation 
of the nuclear matrix elements of £0 decay, using the theory of finite 
(35 ) 
Fermi systems . But even in the simplest case, viz. a pair of neutrons 
outside closed shells in the orbit v^(v = n, JL9 j) with total angular 
momentum I decaying into a pair of protons in the orbit vg with the same 
angular momentum, the calculations are quite involved, and an evaluation 
in the case of the more complex nuclei under consideration here will not 
be attempted. The estimates made by Khodel for the decay of Ca (which 
falls into the "simplest" category) are as follows : 
M1 = - 0 . 0 5 
M2 = + 0 . 1 8 (k.'j) 
M, & 0 ' 
3 
These estimates tend to confirm the approximation 
M 1 = - ™ M2 (2.1+2) 
made earlier,; but show appreciable variations from the conventional es­
timate of 0 .1 . - , There is no simple way to evaluate the matrix elements 
1̂ 50 128 
in the general case, so for the decays of Te and Te we shall make 




We shall now examine the decays in greater detail. 
130 _ 130 
T e 5 2 X e 54 
The decay scheme is shown in Figure 3« The energy release is 2 . 5 
Mev (e^ = 5 ) 5 hut we do not know the actual value of 6. Using the es­
timate M2 = 0 . 1 , i t follows from (k.6) that, i f T] is real, 6^°1e^ must 
he greater than 2 . 1 . The dependence of T) on 6 is shown graphically in 
Figure 4. I f we accept the e s t i m a t e 5 t h a t 6 < 2 0 , then equation (4.6) 
implies that 
0 . 2 3 X 10 < Tl < 1 .25 X 10 J (4.8) 
- 3 
This upper limit is somewhat higher than the estimate 1\ « 10 made by 
(31) 
Primakoff and Rosen . I t should he pointed out, however, that this 
130 
estimate is based on the assumption that the (3(3 decay of Te is pre­
dominantly of the no-neutrino variety. We recall that the overall ex-
(2 ) 
1̂50 —22 —1 
perimental rate of Te (3(3 decay is 1 = 3 . 2 X 10 year . I t can be 
seen from Figure 5> where we plot the theoretical two-neutrino rate 1 
(2) 
versus 6, that the assumption X X implies that 6 is of the order 
of 2 0 o It is difficult to reconcile.this conclusion with the neglect, in 
Reference ( 3 1 ) , of 6 in comparison with k in the energy denominators 
E^ + k + 6 ,(i = . 1 , . 2) in equation ( 2 . 1 2 ) . 
48 ' " 48 . 
C a 2 ( T T l 22 
The decay scheme is shown in Figure 6. The energy release for 
this decay is 4.24 Mev ( S Q = 8.48).. We shall use the results of Bardin 




et al , viz, 
< 0.35 X 10 " 2 1 year"1 (4.9) 
< 0.19 X 1 0 " i 9 year"1 (4.10) 
and the estimates (4.7) of Khodel for the magnitudes of the matrix 
elements to obtain some information on the value of 6^^Ca^ and the para­
meter Tj. Substituting s q = 8.48 and Mg = 0.18 into equation (3.4o) 
( 2 ) 
(which gives an expression for the two-neutrino rate X\5 ),we get 
6 ( 4 8 Ca) > 2 . 8 5 , 
using (4.10). The expression (2.74) for the rate of the no-neutrino pro­
cess is modified by the use of Khodelfs estimates. Putting = 0 into 
(2.74), we get 
'(o) 32 6_2/, 2 ̂  2\/m7c i+ p4\/2:rtZ\2 F. / 2rtZ\n"2 
8i ^ ^ \ a *vAji AW) I1" expv" i5?)J x 
X {P'2F(EO) + h Q ,2g(EO) - 4 PVHFEJ} | M g | 2 (4.11) 
where p' = - 2 ( ^ ) ( e Q + 26 + 2) (4.12) 
= 5 " 2 ( t X « o + 2 6 + 2 ) ( ^ 1 5 ) 
, 2 _ 2 
^ g A • g V 




F r o m ( U . l l ) w e o b t a i n 
^ = ykm) ~ 3 . i 5 6 x io? x i o T o I m 2 | 2 
( 3 g | + g | ) 2 [ ^ , 2 f (E O ) + + Q ' 2 g ( E O ) - 4 PVH(«0)~ 
( + . 1 5 ) 
w h e n c e Tl < O . 5 3 X 1 C ) " 5 ( 4 . 1 6 ) 
u s i n g T q > 21 .3 a n d 6 > 2 . 8 5 . 
128 ^ 128 
T e 5 2 Xe5k 
T h e d e c a y s c h e m e i s s h o w n i n F i g u r e 7 . T h e e n e r g y r e l e a s e f o r 
t h i s d e c a y i s O . 8 5 ' M e v ( e = 1 . 7 ) • A s s u m i n g t h a t t h e 1 + s t a t e o f t h e 
128 
i n t e r m e d i a t e n u c l e u s I i s t h e o n l y o n e w h i c h c o n t r i b u t e s ( i n t h e a l l o w ­
e d a p p r o x i m a t i o n ) t o t h e d e c a y r a t e , o r t h a t t h e e n e r g y d i f f e r e n c e b e t w e e n 
a p o s s i b l e s p i n z e r o s t a t e a n d t h e 1 + s t a t e i s s m a l l , w e h a v e 6 = 2 . 5 -
S i n c e w e a r e a s s u m i n g t h a t Tl i s r e a l , w e m a y o b t a i n a n i m m e d i a t e u p p e r 
l i m i t t o t h e v a l u e o f T f r o m e q u a t i o n (k,6) b y i n s e r t i n g t h e v a l u e s 
e , = 1 . 7 , 6 = 2 .5 a n d Z = 5 4 . T h i s g i v e s o 
T ( ' 1 2 8 T e ) < 2 4 . 9 5 ( 4 . 1 7 ) 
W e m a y a l s o u s e ( 4 . 6 ) t o p l o t a g r a p h o f T ^ 1 2 ^ T e ^ v e r s u s 7 | , a n d t h i s i s 
s h o w n i n F i g u r e 8 . U s i n g t h e i n e q u a l i t y 
0 . 2 3 X 10 < Tl < 1 .25 X 10 J ( 4 . 8 ) 
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2.10 
Figure 7» Decay Scheme o f Te 
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w e m a y i n f e r t h a t T > 23.56, a n d w e h a v e 
O n t h e o t h e r h a n d , t h e u p p e r l i m i t 
Tl < O.53 x io"5 (4.16) 
y i e l d s t h e i n e q u a l i t y 
24.24 < T < 24.95 (4.19) 
T h e l o w e r l i m i t s o n T i n (4..18) a n d (4.19) g i v e v a l u e s f o r t h e h a l f -
128 
l i f e o f t h e T e :(3(3 d e c a y w h i c h a r e s o m e w h a t h i g h e r , t h a n t h e e x p e r i m e n t -
22 5 (l6) 
a l v a l u e o f 10 y e a r s o b t a i n e d b y T a k a o k a a n d O g a t a ^ ' . T h i s i s n o t 
s u r p r i s i n g , i n v i e w o f t h e r e s e r v a t i o n s e x p r e s s e d b y t h e s e a u t h o r s , v i z , 
128 128 
t h a t t h e e x c e s s o f X e w h i c h t h e y f o u n d m a y n o t b e d u e e n t i r e l y t o T e 
d e c a y . 




The experimental and theoretical effort devoted in recent years 
to the study of f3f3 decay processes has been stimulated in large part by 
an interest in determining -whether the law of lepton number conservation 
is violated in weak interactions and, if so, in estimating the magnitude 
of the lepton non-conservation parameter T]. It must be emphasized that 
the only way to settle this question unambiguously is to observe the 
electron sum energy spectrum. In spite of many atempts, this has still 
not been done satisfactorily. 
On the theoretical side, eforts to give a complete picture of [3(3 
decay have been hampered by the difficulty of calculating the magnitudes 
of the nuclear matrix elements, involved. Some progress has been, made in 
(34) 
this direction by Khodel , who has considered the simplest case in 
which the initial nucleus, close to magic, has only a pair of neutrons 
outside closed shels. These neutrons, at the single particle level v̂, 
are transformed into a pair of protons having the same angular momentum 
I, at level v , However, most of the nuclei which undergo decay do 
not met these requirements and the situation is considerably more com­
plicated. In these cases, the traditional method of estimating the 
magnitudes of the nuclear matrix elments has been used. 
The calculation of the |3f3 decay rate can be greatly simplified if 
account is taken of the fact that the maximum value of the momentum of the 
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virtual neutrino is of the order of the reciprocal of the distance be­
tween the nucleons, i.e. those momenta k which predominate in the inte­
gration over the neutrino momenta are much larger than the remaining terms in the energy denominators -E. + k .+ 6 (i = 1 , 2} of equation ( 2 . 1 2 ) . (31 36) 
Some authorsv * 'have used approximations in which the energy gap 
6 = (E,) — E. does not appear. We have chosen, instead, to expand the 1 •", E.+ k reciprocal of the denominator in powers of ——, keeping only the linear 
term. In this way =we have been able to observe the dependence of the 
decay rates on the quantiy" 6. This shows that the branching ratio 
a ^ ° V ( a ^ ° ^ + lS^)* and hence the parameter T], is quite sensitive to the 
(31) 
magnitude of 6. In this regard, the assumption of Primakof and Rosen 
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that the (3(3 decay of Te is predominantly of the no-neutrino variety 
may be open to question. 
The experimental data on the three decays investigated falls into 
three categories. In each case the energy release e is known. 
(!) W r e - 1 3 0 * * . 
T 
The half-life t = 10 years is known, but there is no experimental infor­
mation on the magnitude of 6. 
( i i ) U 8 C a - U 8 T i . Upper limits have been set on the no-neutrino rate â°̂  and the two-
(2 ) 
neutrino rate a , but no experimental information on the magnitude of 
6 is available. 
/ . . . \ I 2 8 m 1 2 8 v ( 1 1 1 ) Te Xe, The half-life of this decay is known, but with a possibly large experi­mntal error. The energy level of the 1+ intermediate tate is known, and it has bn aumd that a possile 0+ intrmdiate state is clos  to 
Qk 
the 1 + state, giving an estimate 6 = 2 . 5 . 
We have substituted the data in (i) above into the expression (4.6) 
2 
for T) and, using the requirement that T| be real, we have obtained the 
lower limit 
6 ( 1 3 0 T e ) > 2.1 
(12) 
The estimate of Primakoff and Rosenv 'that 6 < 20 yields the relation 
-4 - 5 
0 . 2 3 X 10 < T| < 1 .25 X 10 ^ 
The data in (ii) has then been used to obtain the limits 
§(1+8Ca) > 2 .85 
T) < 0 . 5 3 X 1 0 " 5 
/ 1 2 8 \ 
Turning to ( i i i ) , we use the estimate &( Te) = 2 .5 and the fact that 
T) is real to obtain the upper limit 
T( 1 2 8 Te) < 24.95 
The upper limit on 1\ can be used to obtain a lower limit on T^ 2 8Te^ 
from equation (4*6) or, alternatively, from Figure 8 . I f we use the 
limit' Tl < 1 .25 X 10 , obtained from ( i ) , we get T > 2 3 . 5 6 . On the 
other hand, the limit Tl < O.53 x 10"^ obtained from (ii) yields T > 24.24. 
It should be recalled that the estimate on which the upper limit 
- 3 
Tl < 1 .25 X 10 is based is that 6 is no greater than. 2 0 . I t i s , of 
course, conceivable that 6 is considerably smaller than this figure, as 
- 3 
Primakoff and Rosen have pointed out. Indeed, the limit Tl < 0 . 5 3 X 10 
obtained from the experimental results of Bardin et al. indicates (see 
85 
F i g u r e k) t h a t 6^ T e j < 2 .68. A d m i t t e d l y , o n l y o n e e v e n t was s e e n b y 
t h e s e a u t h o r s w h i c h c o u l d d e f i n i t e l y h e c o n s t r u e d a s n e u t r i n o l e s s d e c a y . 
We a r e n o n e t h e l e s s i n c l i n e d t o a c c e p t t h e l i m i t on T| b a s e d on t h e s e e x ­
p e r i m e n t s , a n d t o c o n c l u d e t h a t 
- 4 - 3 0.23 X 10 < T] < 0.53 X 10 J 
a n d h e n c e t h a t 
2 4 . 2 4 < T ( 1 2 8 T e ) < 24 .95-
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APPENDIX I 
EVALUATION OF SOME INTEGRALS 
I n t h i s A p p e n d i x we e v a l u a t e some o f t h e i n t e g r a l s w h i c h a r e 
n e e d e d f o r t h e e v a l u a t i o n o f t h e m a t r i x e l e m e n t o f t h e n o - n e u t r i n o p r o ­
c e s s . 
( i ) 
- i k r c o s 9 
( i k s i n 9 d 0 ) 
03 - i k r c o s 9-i 
0 
03 i k r - i k r 
03 
03 
a n d u s i n g 
0 
we g e t 
3 -
- i k * r 
( i . i ) 
8 T 
/ . .x _ , _ r d5k v-k " l k " r n . , 
(11) L e t I = \ — — e ; n = 1 , 2 , 3 . - -
J ( 2 * ) 5 k n 
w h e r e » V ! -•. ' 1 , -
. ' • r. : • X[I' 
a n d l e t r = ( r , 0 , 0 ) ?:; 
V = (v s i n a c o s -j3, V s i n 8t s i n p , V c o s a ) 
* _,k = s i n 9v'cps c p ^ k ' - s i n ^ S 'sin.^cpr^'-kyeos "cp) V 
i . e . t h e v e c t o r r l i e s i n t h e p o l a r d i r e c t i o n a n d t h e v e c t o r s V a n d k 
h a v e s p h e r i c a l p o l a r c o o r d i n a t e s (v, (X, p ) a n d ( k 3 Q5 cp) r e s p e c t i v e l y . 
Then 
oo i Sl _ 
V P k^ P ~ i k r H ^ J p 
I = - \ dk — \ dp. e "V dcp c o s 9 c o s a + s i n 9 s i n a c o s ( p — cp) 
( 2 « ) 5 £ k n ^ •) 
27tV c o s a C , v k 5 C " l k r ^ _ , T 0s = 5— \ dk \ p e dp, ; u = c o s 9 ( 1 . 2 ) 
( 2 * ) 3 J k n ^ 
V c o s a ^ v 3 ' 1 N * n " l k r [ i 
T h u s I = (Sat)2 £ k 1 ^ 
V c o s a ^ ^ 
( 2 * ) 2 £ k 
C k v / 1 \ d /• 2 . , 
\ dk — [•*- - - - -rr- I ; — s i n k r 
J ., n V i r / dk Vkr 
-* -* 2 
1 V - r f k , / s i n k r _ \ / T , n 
^jjt r q s. 
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w h e r e Y T = Vr c o s a. I f n = 2 , we . g e t 
3p , r* - i k « r 
V . C D K • K E i V.? R /; 
c-k r 
s i n , k r 
k r 
— c o s k r ) dk 
On c a r r y i n g o u t t h e i n t e g r a t i o n , we g e t 
v v d \ k " i k ' r 
( ( 2 * ) 3 k 2 
~. a3, 7* + i k « r 
T T * d^k k V ° \ — e A i i 
J ( 2 * ) 3 k 2 
I f n = 3, we g e t 
V T 
L-TNRIR 
( 1 . 5 ) 
,3r> C - i k - r 
Tr \ d k k 
( 2 * ) 5 k 5 
1 V . r ^ 
1 2*^ I5 
k \ 
s i n k r 




s i n k r 
k r 
— c o s k r 
\ l i m P / 
/ ~ t - 0 j V 
T / s i n x _ c o s x 
 - 0 i  2 x 
t X 
d x 




d x = SIN X 
(m — l ) x M - 1 m 
1 C COS X-h dx ; m = 2 
we s e t C d \ 
- i k » r 
' ( 2 r f ) 3 k 3 
= - V-
d \ t _ 
( 2 * ) 3 k 3 
+ i k « r 
1 V . r 
i 
l i m 
2 2 t 
2:rr r 
SIN x 
x " J 
1 V - r 
i 2 2 2x r 
( 1 . 7 ) 
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APPENDIX II 
EXTRACTION OF SCALAR OPERATORS FROM NUCLEAR MATRIX ELEMENTS 
In Chapter II we derived the folowing expression for the matrix 
elment for neutrinoless decay : 
2 _ i ( p i r n + P2 rnP 
m = g ( E > _ ) x < n J 2 V T ( + ) T ( + ) ( r J (r ) $ I n . ) 
Io-k^ 1 2 ' Xp f1 L. n m X n p m I _ 1 1 i 
n,m ' n m' 
_ g r < N J 2 y T ( + ) T ( + ) ( r ), (r ) £ ( ? _ ; ) | N > > + ojt Xp f1 Z_. n m v X n urn i-» _ -» p v n nr 1 i' n,m ' n m' 
2 _ i ( p i V ~ P 2 ^ 
+ - ^ ( e ^ e + 2 6 ) 1 ' < n ^ | 2 Y T ( + ) T W ( r ) (r ) 5 ( ? - ? ) | n . > 
o 2 V 1 2 ' Xp f1 L n m v X nv p/m i 2 v n nr 1 i 8 j c ' -  . ir — r , 
n,m 1 n m1 
( 2 . 2 6 ) 
It is our 'task in this Appendix to extract from the operators,sandwiched 
between rthe nuclear states those parts which are invariant under rotations 
and inversions of the nuclear coordinates, as required for 0+ -» 0+ tran-
(+)" . (+) -+ . sitions.. The isospin operators t ' and tx ' and powers of r — r 
* • * • n •• m * 1 n m1 
appearing in the denominators of ( 2 . 2 6 ) will be omited where these play 
no essential role in the ensuing discussion. We will therefore focus our 
atention on the two expressions 
-i(Pn r + p* r ) 
i <N_|2) . . . ( r ) (r ) e l n 2m|N.) (II.1) Xp f Li X.'nv p'm 1 l 
n,m 
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t vi "i(Pnr + Por ) 
a . < N j 2 ) ... ( r j (r ) e l n 2 m (? -?)|N.> (II.2) 
Xu f1 Lj v X nx u m v n my 1 i v 7 
n,m 
The expression (II.2) may he writen as 
<—> -i(p«r + p«r ) -i(p«r + p«r ) 
n.,m 
(II.3) 
^ r -i(p r + p r ) -i(p r + p r ) ^ n.m Keeping only the first two terms of the exponentials, we obtain an ex­
pression 'which may be:writen1symbolicaly as 
l (r ) (r ) [ 2 - i(p + pj.(7 + r j'*- (p - pj-(r - r ) 1 
Xu Vn urn L 1 2 • n m v 1 2 n m J _o 
summation over|'the ind-ices n and m1being5 always understood. We shal 
consider each of the terms in (II.4) .separately. 
Let x n = 24 (r ) (r ) = 'L <n_|2Y ... ( r ) (r ) In.) 
1 X|~r X nv |iym Xu f1 Z_! v X nv irm1 1 n.m = V L<WV« + <V W J ( I I ' 5 ) 
It should be noted that the operators (r_) and (T ) commute, since 
In v u m ' 
they operate in diferent spaces. Now the expression in square brackets 
is symmetric in the indices X and u, and hence we need only consider the 
symmetric part of JL , which gives 
XU 
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w h e r e 
xi = fc^AW/W'J 
E q u a t i o n ( 2 . 8 ) may b e w r i t t e n s y m b o l i c a l l y a s 
A = (2T1) Y X Y U Y 
(II.6) 
( 2 . 8 ) 
Thus we g e t 
,(r: ) 1 t r i ) + (r ) (r, ) . ,__ on 
L \ n |i m u n >> m j ( I T . o ) 
u s i n g t h e a n t i - c o m m u t a t i o n r e l a t i o n 
I t i s c l e a r f r o m t h e e x p r e s s i o n ( 2 . 2 7 ) f o r ( r ) (T ) t h a t we n e e d o n l y 
y \ ' n u r n 
c o n s i d e r t h e c a s e s \ = k ; \i = k a n d \ = j ; u = k . I n t h e f i r s t c a s e 
( I I . 8 ) r e d u c e s t o 
^ V L , S V = bT\ u C ^ J y ^ u * ^ ) < N f | £ . . . g | | N . > ( I I . . 9 ) 
n ,m 
I n t h e s e c o n d c a s e ( \ = j ; |i = k ) we g e t 
- ( ^ ) « 1 k Y ^ ) ( c r , ( T k + a k a ) = ^ g 2 
•s ^ u(p 1)Y i +u' ) f(p 2) < N f | Y ... V ^ J V ' ( H - 1 0 ) 
n,m 
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Thus from (II.9) and (II.10) we see that 
n.,m n,m 
(iuai) 
which clearly satisfies the requirements of parity and rotation invariance. 
We now consider the term 
x 2 - - ' V A W ^ ^ ^ ( I I- I 2 ) 
where P = pn + p_ a ;; R = r + r 
1 2 n m 
% 
Again taking only the symmetrical part of Jl^} we get 
= - '"v\8,A + vA, - v,,̂ ) [(RX)N(R(I)M + (R̂  (s ) J rA ( 1 1 . 1 5 ) 
Puting \ = k y \i = 4 into (11.15) yields 
- i^)Y^| i ( 2 H ) 4 U ( p ^ \ ) ? . < N t | I ^ M ^ ^ *«>L»l> 
n,m and,a scalar clearly canhbtfebe .formed from the nucleon operators. Puting 
\i = 3 ; a = k into (11.15) yields 
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which we write explicitly as 
- m 4 u ( P l ) v * ( p 2 ) P,:<Nf| I T(+)Ti+)-(5n.3m)(ri+ ?m)|v 
n,m 
Again there is no nucleon scalar available. 
Finaly, we consider the term 
X̂  = - i L. (r ) (T ) pQ)'(r - r ) (ll.l6) 
3' -x • a.u X rr p/nr̂ l F 2 y s n m v ' 
" = ~ kk fa,) .(r ) - (r ")  (rlM 5-7 " , ( i i . i t ) 
2 Xu L X n |j. m x u n X mil * 
where p = p., — p0 ,; r = r — r * *1 ^2 n m 
Since the expression in;js.quar'e• %racj|ets. in (.11^17), Is antisymmetric in 
the indices X and u, A will be replaced by its antisymmetric part, viz, 
vXu ~uX "'X'M-'u 'u 
= 211 
( 1 1 . 1 8 ) 
since (II.17) vanishes for X = u. Thus we obtain 
X., = ' - ±T\(yy 5 1, - V S. ], - v,Y YjAfa, ) (r ) " (r ) (O 1 p r (II.19) 3 \ X u4 !u X4 'X'u'̂ /L X n̂  |i'm v u n X mj . -a a 
Puting X. = j ; u = k into (11.19), we get 
9U 
X 3 = - i s ^ ( Y ^ k Y i l ) ( C T j 0 k " ° k C T J ) V a 
where A = u ^ ^ Y ^ u (p g) ( I I .21) 
and e^.jk i s ^ n e totally antisymmetric unit third rank tensor. It is 
clear from ( 1 1 . 2 0 ) that no scalar can he formed from the nucleon operators 
We now turn our attention to the expression ( I I . 2 ) . This may he 
written as 
, r - n r -i(p*T? + PAr ) -i(p;r + p»r ) ' 
t.<*A Y . . . ( r ) (r ) j e 1 1 1 2 m + e 1 m 2 n } ( ? - ? ) |s .> 
Xu f1 L X n urn L. J n m 1 i ' 
n,m 
( 1 1 . 2 2 ) 
i T - n - , -i(p«r + p»r -i(p-r + p«r L 
+ V < h J Y . . . ( r ) (F ) {e l n 2 m - e l m 2 " } ( ? - ? ) | H . > 
Xu fxu X n u m I - J n m 1 i 
ri,m 
Keeping only the first two terms of the exponentials, we get 
V < n J Y . . . ( r ) (r ) ' ( 2 - i(p_+ p_).(r + r ) } ( ? - ? ) | N . > -
Xu f U \ nv urn I. .1. 2 y v n m J n m 1 l 
n,m 
- i 1'. < n | Y . . . ( r ) (r ) { ( p - p ) . ( ? - r t ) | n . > ( 1 1 . 2 3 ) 
Xu f £ j X n urn I 1 ^2 n m'J n m 1 i y 
n.m 
where "j^ = - ( S T I J u ^ J y ^ Y Y^u*(p*2) ( 2 . 9 ) 
Each term in the expression (I I .23) 'wil l now he considered separately. 
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The f i r s t t e r m i s 
Y, = I'. <N.|2Y :I..(R ) (R ) tr - r )|N.> ( 1 1 . 2 4 ) 
1 \ u f 1 l-i ;• \ n u r n n m 1 l x ' 
n ,m 
= V <NJ T -.RR;) (R ) - (R ) (R ) 1(? - ? )|'N.> ( 1 1 . 2 5 ) 
\\i f 1 Z_i L \ n u r n v u n v \ ' m j n m 1 i ' x ' n ,m 
w h i c h we w r i t e s y m b o l i c a l l y a s 
Y = - ( 2 T i ) A . F (N ) (R ) - (R ) (R ) 1 r . ( 1 1 . 2 6 ) 
1 v u \ i u L \ n x u r n v u n X m j 1 
w h e r e Â. = u^l)\y±yua ( p 2 ^ (II.27) 
r = r — r 
n m 
The e x p r e s s i o n i n s q u a r e ' b r a c k e t s ' " " i n ' ( I I . 2 6 ) ' c l e a r l y 1 v a n i s h e s f o r \ = u , 
a n d i n p a r t i c u l a r f o r X =• u -=^k9 s o we n e e d o n l y c o n s i d e r t h e c a s e X = J ; 
U : = k ( j ^ k ) , w h i c h y i e l d s / : y . 
S i n c e (A .A, - a s . ) i s a n t i s y m m e t r i c - . i n t h e i n d i c e s j a n d k , we r e p l a c e 3 K. k j 
^ j i k ^ ^ S ^ ^ ^ - ^ y ^ e t r i c p a r t 
A . .K(ANTI) = ICYJYIYJ: - Y ^ Y j ) = Y.,6̂  - Y k 6 i ; j - Y j Y ^ 
* VIK - \ 6IJ " AJKI ; J * K ( I I- 2 9 ) 
w h e r e A =- u ( p > 1 ) v u*(P2) ( 1 1 . 3 0 ) 
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Thus we "ge t 
Ji = 2 ^ (Aj6ik - Via; - Wtt^x ? ) t r i 
a n d we s e e t h a t no s c a l a r c a n f>e I f armed :*fr6m f'the n u c l e o n o p e r a t o r s , h e -
c a u s e o f t h e p r e s e n c e o f t h e a n t i s y m m e t r i c t e n s o r e ^ . j - ^ » 
The s e c o n d t e r m i n (II.23) i s 
Y0 = - i X' < N _ | > .. ) (r ) - f ( p _ + p 0 > ( ? + r ) } ( r - ? ) | f . ) (11.32) 2 \u f 1 U X n u r n 1 1 2 n m J n m 1 i 
n,m 
- I i 1 - <ffjT..f(r ) (r ) -(r ) (r ) l(p_+ ? , , > ( ? + ? ) ( ? - ' ? ) | n . > 
2 \u f l £j L X nK u'm u n \'mj *i 2̂ n m v n m ' i' 
(11.33) 
n,m
a n d we w r i t e t h i s s y m b o l i c a l l y a s 
y q = + iT| a . F (r ) (r ) - (r ) (r ) 1 p r r . (n.34) 
2 \iu L , X n urn v u'n X mJ a a i 
U s i n g t h e s a m e p r o c e d u r e a s a b o v e , (11.34) r e d u c e s t o 
Y2 = " ^ [Aj«* " V i J - V i ] P a e t j k ( 3 X ? ) t r i R e 
= " [ A 3 P a e t j k r k R a ^ * ^ t ] + 
+ i g A ^ { A J k i P a 6 t a k r i R a ( ? X °h] (11.35) 
The e x p r e s s i o n i n s q u a r e b r a c k e t s i n (11.35) i s t h e s c a l a r p r o d u c t 
o f t h e l e p t o n s e c o n d r a n k t e n s o r A . P a n d t h e n u c l e o n s e c o n d r a n k t e n s o r 
,.] a 
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e t j k ^ k ^ a ^ 0 " X ° ^ t " E x p a n d i n g t h e s e i n i r r e d u c i b l e t e n s o r r e p r e s e n t a t i o n s , 
we h a v e 
A.P 
0 a 
= i (a.P + AP.-| 6. A-p) +7 F'A.P -AP.̂ +̂ S. A-P 2 V j a a j 3 j a / 2 \ j a , a j / 3 j a 
Q. + i e.. . (A X P)_ + ̂  6 . . A-P 
2 j a 2 l j a k Jl 3 j a 
(11.36) 
w h e r e 
a n d r n R k a 
Q. = A.P ~ A P. - -7 6 . " A«P 
j a j a a 3 3 j a I S k a + \ e u k a * X S ) u + \ 6 k a 
(11.37) 
(11.38) 
w h e r e - = r. R + r R - - 6, r - R 
; k a • k a a k 3 k a . . 
(11.39) 
Thus t h e e x p r e s s i o n i n s q u a r e b r a c k e t s may b e w r i t t e n a s 
\ Q. + ^ e n . (A x P)_ + -| 6 . A-P 
2 ^ j a 2 l j a v ' 1 3 j a J 
e t J k ( a x a ) t X 
(11.40) 
Now s i n c e t h e e x p r e s s i o n ( l l .40) i s t h e s c a l a r p r o d u c t o f l e p t o n a n d 
n u c l e o n s e c o n d r a n k t e n s o r s , i t f o l l o w s t h a t i f we w i s h t o e x t r a c t a 
n u c l e o n s c a l a r , t h i s c a n b e c o m b i n e d o n l y w i t h a l e p t o n s c a l a r , i . e . w i t h 
A - P . I t s h o u l d b e o b s e r v e d t h a t S i s s y m m e t r i c (S = S ) , w h e r e a s 
.fca . K a aj£ 
e t j k ^ S a n ^ ^ s y i m n e ^ r ^ c i n p a i r s o f i n d i c e s . Hence 
8 d a ( J ^ e t ^ °
 X ?)T S k a = ^?)^X^TETCKSJK £ 0 { L I-K L ) 
S i m i l a r l y , 
6 . 1 a ( A - ? ) e t 3 k ( ? X ° h 6 k a ( ? ' S ) " 0 (11.42) 
Thus the only nucleon scalar in (ll.40) is ' 
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u 
where we have used 
^tjkeuka ektj ekau ^ta^ju ^tu^ja (II 
Thus the contribution from ( l I . 4 o ) is 
1 
| (A.p)(-26 t u )(a X a)t(r X S ) u = - ^A.P)[(a X a) (7 X R)J 
U(Pn)Y«P U*(PJL <Nj, Y Xa ).["(? - R )x(R + R ) I In.) _ v±^l 2 JT f1 Li n m v n m' L n my v n m'J 1 i/ 
n.m 
(II. 44) 
Now because of the isospin operators T^T^ the labels n and m 
n m 
can be taken to refer to a pair of neutrons in the initial state' which 
is transformed into a pair of protons in the final state. The T = 1 and 
T = 0 isospin states of a pair of nucleons are given by 
| 1 , 1> - |P> |P> 
| 1 , 0> = [|p> |n> + |n> |p>] 
(II. 45A) 
(II.45B) 
1 , -1> = IN) IN) 
0, 0> 1 
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and we see from (ll.45a) and (ll.45c) that a pair of protons and a pair 
of neutrons are both in isospin tripletestates, which are symmetric 
under particle interchange. If, as assumed in"the text, pairs of like 
nucleons are in singlet spin states (antisymmetric under particle inter­
change) , then i t follows from the generalized Pauli principle (the total 
wave function for fermions JLs, antisymmetric under the combined interchange 
of coordinate, spin and-isospin labels) that.'the space wave function of 
both the, initiai^:and. final nuclear states must beJjsymmetric. Thus both 
the initial ''and final nuclear states-may be. written in the form, 
vanishes, as both the spin and space operators are antisymmetric under 
interchange of the labels n and m. In other words, the expression (II.44) 
reduces to zero. It will be noted that in the nuclear matrix elements 
introduced so far the spin and space operators are symmetric under inter­
change of the labels n and m. 
Going back now to equation (11.35)? the expression in curly 
brackets is 
> = |isospin). |spin) |space) 
sym " anti sym 
and it follows that the nuclear matrix element 
< N j T T W T ( + ) ( w x 3 i 
N f1 u n m v n i 
(r - r )x(r + r )] In. > 
_ n m n ^m'J 1 i 
n,m 
A . . f e. .. r.K 
jki a tjk l a 
r . R ( a X a ) 
t 
= A .... . P e, .. - S. + - e . 
jki a tjk L 2 la 2 uia 
(? X R ) u + | 6 i a ( ? - R ) J ( a X a ) t (II.46) 
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w h i c h i s t h e s c a l a r p r o d u c t o f t h e f o u r t h r a n k l e p t o n t e n s o r A . P 
a n d a' sum o f n u c l e o n f o u r t h r a n k t e n s o r s . As s t a t e d b e f o r e , a n u c l e o n 
s c a l a r m u s t b e c o m b i n e d w i t h ' a l e p t o n s c a l a r t o p r o d u c e a n o v e r a l l s c a l a r , . 
- b u t . t h e p r e s e n c e o f t h e e . .,• e n s u r e s t h a t t h e i n d i c e s j -and k c a n n o t b e 
r t j k • 
c o n t r a c t e d . -v c 
We rFow j r e t u r r i ' to . , t h e . . e x p r e s s i o n ( l i . 2 j ) "^and. c o n s i d e r t h e t e r m 
y, = - i v<nJ Y ..(r.) (r ) F ( p - ' ? . ) • * ( ? - r )]•(?- ? )In.> (11.47) 
3 Xu f ' Z_J V n v i r m L 1 2 n m ' J v n nr 1 1 v " 
n , m 
= - I *I<*fl I •• [<Vn<V» + J <Va> ?lNi> 
n,m 
w h i c h we s h a l l w r i t e s y m b o l i c a l l y a s 
Y 3 = ^W â! (r,).(r„L + (rwrj 
V n x n m u n X m j i a 
r . r (11.49) 
w h e r e 
As b e f o r e , we r e p l a c e Y^Y^Y b y i t s s y m m e t r i c p a r t 
2< WU + ViV • 
A l s o , we do n o t p e r f o r m a n u n r e s t r i c t e d s u m m a t i o n o v e r t h e i n d i c e s X 
a n d u , b u t i n c l u d e o n l y t h e c a s e s X = 4 ; u = 4 a n d X = J ; u = k . R e ­
c a l l i n g t h a t 
2(W* + ViV Yj6ik + YkSij 'Yi6jk 
= A . 6 . , + A. 6 . . — A. 6 .1 lk k ij 1 (II.50) 
1 0 1 
we g e t f r o m (11.4-9) 
* 5 . = - 2 1 T l 4 V ' I V a + ^ A i P a + ° k C T p V a . " 
(11.51) 
E x p a n d i n g t h e , . l e p t o n a n d n u c l e o n s e c o n d r a n k t e n s o r s i n i r r e d u c i b l e 
r e p r e s e n t a t i o n ' s , we g e t 
A i P a = L Q i a + F e t i a ( A X © t + 5 S . a ( A . p ) (11.52) 
1 2 
r . r = S . + •= 6 . r 
l a l a 3 i a ( I I . 5 3 ) 
w h e r e 
0" .<j. + <J <j. 3 k k j 
Q. = A . p + A p . - | 6 . ( A - p ) 
l a i a a i 3 i a 
1 * 2 S . = r . r — — 6. r 
i a i a 3 i a 
T





To b e g i n w i t h , we c o n s i d e r t h e f i r s t t e r m i n ( l l . 5 l ) . S i n c e r . r i s 
i a 
s y m m e t r i c i n t h e i n d i c e s 1 a n d a , we s h a l l r e p l a c e A ^ p a b y i t s s y m m e t r i c 
p a r t , t o g i v e 
- 2 1 T | g. 
V ! Q i a + 1 6 i a ( A ^ , S . + \ 6 . r 2 L i a 3 i a (11.58) 
We n o t e a t o n c e t h a t S = 0 , s o t h e o n l y a v a i l a b l e n u c l e o n s c a l a r i s 
a a 9 
- 2 i T l g 2 + i 6 . a 6 i a ( A . p ) r 2 =• - | i 7 1 g 2 ( A . p * ) r 2 
N.M 
THE SECOND TERM IN (n.51) MAY BE WRITTEN AS 
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- " § ( 2 T l ) g ^ ^ TI + )-m + )(V ? m) 2|N.> • (11.59) 
21T1 g A \ Q. + \ 6. (A-P) ,2 IA 3 IAV . 
(A-A) 1 „ \ S. + - 6. R L IA 3 i a (II.60) 
AND THE ONLY AVAILABLE SCALAR IS 
I ITL'.̂ CA-SCA-SJR2 
^g2(2H)rn(pJi7-p u * ( p j l < N . | Y T ( + V + ) (CT -3 ) ( r - ? )2|w.) ( l l . 6 l ) 3°AV "|_ ^ 1 / * v 2 J F Z_i N M V N NR V N NR 1 1 V ' 
N,M 
FINALLY, THE LAST TERM IN (II.51) IS 
"2111 % Va 6ik (Vk + V j ) r i r a 
SINCE A. 6. .(CT.O> + A A.) = A .6., (O\O\ + A. A.) 
K i j 3 k k ,y n ik ,n k k ,y 0 IK 0 
(II.62) 
(11.63) 
AND (II.62) CAN BE WRITTEN AS 
-2111 g A ^ J A + i E T D A ( X x ^ y A ^ ] X 
T + I 6„ (CT-CT) 
- <JK 3 JK 
L̂ KA + 3 K̂A R . (11.64) 
WE SEEK ONLY THOSE TERMS WHICH COUPLE THE LEPTON SCALAR A»P TO APPRO­
PRIATE NUCLEAR SCALARS, SO WE EXTRACT THE EXPRESSION 
1 T +76, (CT-CT) L JK J> JKV . KA 3 KA (II.65) 
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| (A -5) 3 V J K + + 2 6 K A ^ S K A + 2 ^ 2 [ (11.66) 
Noting that 6 ... T = T.. = 0 
Jk jk. 
6, S. = S.. = 0 ka ka kk 
we -obtain from (II.64) 
i(2iTl)g2(A-5) (H-67) 
where T .. S .. 
jk jk - J k k j 3 jk
v 
1 c 2 • r .r - - 6 ., r 
L j k 3 jk 
(11.68) 
and (II.67) becomes 
K 2 
371 S A u(p.)iY-P u*(p0)~l <N_| Y t (
+ V + ) ( ? . r ) (a.- r )|N.> (II.69) 
_ v 1 v 2 J f1 u n m v n nm m nm 1 1 v 
n,m 
where r = r = r — r 
nm n m 
Now collecting all the terms involving nucleon scalars, in ex­
pressions ( i l . l l ) , (11.59)5 ( l l .6l) and (II.69), and, where necessary, 
inserting the isospin operators T ^ f ^ T ^ L + ^ appropriate powers of 
Ir — r I \ we see from (2.26) that the matrix element for 0 + -* 0 + 
' n m 
neutrinoless transitions is 
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M = | ^ ( E 1 - E2).(2T|)[u(p1)YIf u*(p 2)] X 
{4 < Nf I I Tn (+).(+) 1 CT • CT •'|N.>'+ 6F <NJ Y T ( , ) T ( + ) n '" m IN.)} 
1 i toA f1 Li n m i - » - * i 1 I J 
m 
n.m 
r — r n m1 n,m 
r — r , 
n m1 
+ ^| ? (2Tl)^(P 1 )iY-P ^ ( P 2 ) J X 
lBV x f1 L n m 
n.m 
r — r 
n m1 
+ 
n.m r — r 
n m1 
o / . v cr« (r - r ) CT.(r-r) ,. 
+ 2g2 <N,| > T ( +M +%° 11 yJLm^ n VJj >| 
toA f1 ZJ n m • i - * - » 13 1 l J 
n.m r — r , 
n m1 
~ \ h ^ 2 T 1 ) ( E ? 1 + E 2 + ^ [ ^ P ^ Y - P ^ ( p 2 ) ] X 
X { g 2 <Nj Y T ( + ) T ( + ) |N-> " el <N-| Y T ( + ) T ( + ) CT • CT JN.) + I V f1 L n m 1 I °A f1 Z_i n m n m1 I 
n.m n,m 
o r - < / , \ CT* (r - r ) CT*(r - r ) . 
( 1 1 . 7 0 ) 
n,m 





In this Appendix we evaluate the sum over spins of the various 
terms which appear in the expression for ^ | M |2, where M refers to 
spins 
the matrix elment for the no-neutrino or the two-neutrino process. 
As we shal see, this involves a number of Trace calculations, and 
these are performed in some detail in what folows. 
Let us first consider the general expression S 1 ' S 2 
where T is an arbitrary 4 x 4 matrix. 
S 1 ' S 2 
= Y u (Po)(R) 0-u0(pJMp,)(rK u (Po) s„ ,s V 2 
(III.1) 
where 
( 1 1 1 . 2 ) 
( 1 1 1 . 3 ) 




û(p)u(p) = ^Y'P ; p = (p:, IE) (III.h) 
Equation (ill.3) then becomes, 
2 E 1 7 2 E 2 
£ I t iCp^E u(p2) I2 = Tr {r(m - iY.p2)r(m - iY-P̂} (IH,5) 4En_ 
S 1 ' S 2 
Taking the complex conjugate of (ill.h) gives 
Au J(v)yk -- • (III.6) 
since in the Majorana representation 
Y = Y j Ŷ  = - Ŷ  
(ill.6) then becomes 
^ u (p)u (p)Ŷ  = 2_,'u(p)u(p) = ™ (HI.7) 
Using (ill.k) and (ill.7), it is easily shown that 
£ |u(pn)r u*(p2)|2 = - —i- Tr {.r(m + iY-.P2)r(m - iY-P,)} (IH.8) 4EnE, 
V S 2 1 * For subsequent Trace calculations we shal need the folowing 
results : 
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Tr(odd number of Y matrices) = 0 (ill.9a) 
Tr yc = 0 (III.9b) 
Tr v v = J+ 6, (ill.9c) 
Tr YnjY-^Y^ : = : 0 (III.9&) 
^ W ^ V = U (WlP - 6ax6pP + 6apV ( l I I - 9 e ) 
T r Y
5 W x Y P = kecpxP ( l I I - 9 f ) 
•where i-s the totally antisymmetric unit fourth rank tensor. We 
also note the fact that the Trace of a product of y matrices is unaffect­
ed by cyclic permutation of the matrices in either direction. 
Summation of Squared Matrix Elements in Neutrinoless ftft Decay 
Now let us consider the expression 
Here r = 4 and T = k9 so using (ill.8) we get 
1 1 2 
It is clear from (ill.9a) that the terms in m give zero. Using (lll.9e) 
(III,11) becomes 
I = " IT" + ^ l ' a ' ^ V 2 8 ^ - Wap)} 
1 1 2 
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1 
E 1 E 2 
{l - 2 E l E 2 - - E l E 2 ) } 
w h e r e w e h a v e s e t m e q u a l t o 1 . T h u s 
£ K p \ ) y ^ u * ( p 2 ) | 2 
S 1 ' S 2 
E 1 E 2 - 1 + P l p 2 
E 1 E 2 
( I I I . 1 2 ) 
N o w l e t 
S 1 ' S 2 
H e r e r = T = 1 , a n d s o 
V = _ — ^ T r J ( m ._ l Y . p ) ( m + i Y - p j | 
^ 1 2 
( i n . 13) 
E l E 2 
1 
E 1 E 2 
{ X + ¥ 2 " E 1 E 2 } * 
m... = 1 
o r 
S 1 ' S 2 
E 1 E 2 "
 1 ~ P1P2 
E 1 E 2 
( i l l . 1 4 ) 
Similarly, it may "be shown that 
S 1 ' S 2 S 1 ' S 2 
" S ^ ( E 1 " E 2 ) ( I I I . 1 5 ) 
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Summation of Squared Matrix Elements in Two-neutrino ftp Decay 
We shall now evaluate the sum ^ | M | 2 , where from ( 3 . 2 2 ) 
ave k^k 
+ fyl $ ^ { k 2 | q | 2 + L 2 | Q " | 2 - K L ( q V + q ' V ] I m 2 i 2 + 
+ g ^ 12 K L L L + p Q)MiM 2. + ( Q p + Q p ) M 2 M i 
4 
- g^g2 ^ K L ^ [ ( P f Q + P V ) M * M g + ( Q f P + Q V ) M * m J ( H I . 1 6 ) 
where P 
Q = 
u(p 1 ) Y i + (l + Y 5)u(k ; L)][u(p 2)Y u(l + Y 5)^(k 2) J ( 3 . 2 0 a ) 
5 ( ^ ) 7 ( 1 + Y5)u(k1)].[u(52)Y(l + Y 5)u(k g)] ( 3 - 2 1 a ) 
P * = [tL(p2)Yu(l +' Y 5)^(k ; L)][n(p 1)Y i +(l + Y 5)u(k 2)] ( 3 - 2 0 b ) 
Q u(P2.)Y(l + Y5)u(£L)].[u(51)Y(l + Y 5 ) ^ ( k 2 ) J ( 3 - 2 1 b ) 
We start with the expression 
^ [ _ K ^ | P | 2 + L ^ P ' I ' ^ ~ K L ( p V + P^P) 
spins 
( I I I .17) 




Tr - [ y ^ ( 1 + Y,-)(-iY k ^ Y ^ l + Y )̂ ( m ~ iY-P^} X 
X t ~ ~ Tr { y ^ ( 1 + Y 5 ) ( - 1 Y ^ Y ^ l + Y^ (m - iY'P 2)} (HI.lB) 
2 S 2 
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w h e r e 
yk(l + y) ; r = Ŷ r yk 
P 1 = ( P , ; 1 E ) k = ( k , i s > ; 3 = 1 , 2 
a n d we 'have t a k e n t h e n e u t r i n o m a s s t o h e z e r o . Thus we may w r i t e 
1 ' • T r ( l ) T r ( 2 ) 
s p i n s 
16E E e e 
1 2 1 2 
( I I I . 19) 
T r ^ = T r { y ^ ( 1 + yj ( - i Y - k ^ ) Y ^ ( l + Y 5 ) (m - i Y - P - ^ } 
2 T r { Y u ( - i Y - k 1 ) Y u ( l + Y j (m - i Y - P - ^ } ( i l l . 2 0 ) 
T r ( 2 ) = 2 T r - [ Y ^ ( - i Y - k 2 ) Y ^ ( l + Y J ( m - i Y - P 2 ) } ( i l l . 2 1 ) 
I n ( i l l . 2 0 ) t h e t e r m s w i t h y g i v e z e r o , a s c a n h e s e e n f r o m ( i l l . 9 a ) 
a n d ( l l l . 9 f ) . I t a l s o f o l l o w s f r o m ( i l l . 9 a ) t h a t t h e t e r m i n m g i v e s 
z e r o , s o we g e t 
T r ^ = - 2 T r J y ^ C y - ^ ) Y 1 + ( y - P 1 ) } 
16%^ + 8 ^ . k x - E ] _ e 1 ) 
8 ( E l S l + ^ l ' ( I I I . 2 2 ) 
( 2 ) ( l ) 
T r i s o b t a i n e d f r o m T r b y m a k i n g t h e s u b s t i t u t i o n s p ^ -* p a n d 
I l l 
k-L -* k 2 ? i . e . 
T r 
(2) 
8(V2 + P 2 k 2 ) 
(III.23) 
a n d h e n c e f r o m ( i l l . 1 9 ) we g e t 
1 1 
s p i n s -1- x 
2 2 (111.2*0 
I n a v e r a g i n g o v e r t h e d i r e c t i o n s o f t h e n e u t r i n o momenta k . ( j = 1 , 2) 
3 
o n l y t h e t e r m 4 s u r v i v e s , a n d t h e r e f o r e 
ILPL2 = * ( I I I . 2 5 ) 
a v e k 1 ? k 2 
11 -'1 
s p i n s 
Thus we g e t 
i s o b t a i n e d f r o m ^ | P | b y i n t e r c h a n g i n g p ^ a n d p ^ . 
s p i n s 
s p i n s VL X E 1 S 2 
( I I I . 26 ) 
a n d ILP'L2 = U 
a v e k , k 1 ' 2 
V t ' 
L e t u s now e x a m i n e t h e q u a n t i t y > P P , w h e r e 
s p i n s 
( I I I . 2 7 ) 
P = 
u(pn)RLI-C^Yjp(p2)R u ( k 2 ) _ 
u(P2)R u ^ j j u ^ R u ( k 2 ) _ 
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w i t h 
T T 
P P 
R = yh(i + Y5) = R 
-M- L Y-PIW IY*K2V r~ iY'p 
2e. 2E, 
s p i n s 
l 6 E E e e Tr | : Y ^ ( 1 + Y 5 X Y - k - L ) Y i ^ ( l + Y j (m - i Y - P ^ ] X 
X [Y (̂1 + Y5)(Y-k2)Ŷ (l + Y 5 ) ( m - i Y ' P 2 ) ] . } (III.28) 
^ - ^ T r | Y ^ ( Y ' k 1 ) Y 1 + ( l + YJ (m - : i Y - P ^ ) Y ^ Y ' k g ) Y ^ ( l + YJ (m - i Y ' P 2 ) } 
On e x a m i n i n g t h e T r a c e i n ( i l l . 2 8 ) we s e e f r o m ( i l l . 9 a ) t h a t t h e t e r m s i n 
2 
m g i v e z e r o . The t e r m i n m i s 
m 
m 
Tr - [ . . . . ( 1 + Y ' C 5 ) Y 1 + ( Y ' k 2 ) Y ^ ( l + Y ^ } = 
T r | . . . . Y 1 + ( Y " k 2 ) Y i ^ ( l - y^(l + y^)} = 0 
T h e r e f o r e 5>V 
s p i n s 
k E l E Z e l e 2 
Tr Y ^ Y - k - ^ Y ^ l + Y 5 ) ( Y - P 1 ) Y l t ( Y - k 2 ) Y [ t ( l + Y J ( Y - P g ) j 
g E ^ . g T r K ( Y - \ ) Y l t ( Y - P 1 ) Y u ( Y - l c 2 ) Y 4 ( l + Y 5 ) ( Y - P 2 ) } 
Tr {Y^Y-Y^Y ŶY } + Tr {WPVJIWJ] ( L I I ' 2 9 ) 
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Using the anticommutation relation v v +YY = 26 and the equations 




k V V 2 6ak%k ~ %*kh> - 2 V ( 6 caV " % \ k + 6 c*V 
~ 2 V , : Wp " 2 V 'eafrh + eap\p (ill.30) 
= ( P i ) ^ ^ 2 ^ ^ ^ ^ - ^ ^ ] - 2 ( P A [ ( k i K 2 ^ P A " 
( V K I ) ( K A + (\)I,(p 2-VJ- 2 ( P 2 \ [ ( P I K I ) ( K 2 \ - ( K R K 2 ) ( P I \ + 
+ (T L)^ PL ' k2 )J + L ^ L ' V ^ V - ( K L ' k 2 ) ( P I P2> + ( P 2 K L ) ( P R k 2 ^ 
" W W V x ^ P [ 2 V <Wp + 2 6PIF E ^ I F " 6C^P] } 
E l V l « 2 
(III-31) 
When we take the average over the neutrino directions, the terms in-
—» —» —» —» . 
volving p.«k. and k.»k. ( i , j = 1 , 2) all vanish. The only terms in-
side the curly brackets of ( i l l .31 ) which survive are of the form 
V 2 % % 0 r
 E l E 2 e l S 2 ' U & - ^ V W W ^ d 0 1 ^ i W l A W v 
The presence of the antisymmetric tensors in the last three terms of 
( i l l .3l) then clearly indicates that these terms will also vanish on 
taking the average over the neutrino directions. Thus the average is 
J ] 
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to "be obtained from the expression 
E l E 2 e l e 2 
[d E_E e_ e + 2 En e (p • k — E e n) + 2 E e (p • k - E e ) + 
L 1 2 1 2 1 2V^2 .1 2 V 1 l V i 2 2 2 2J 
+ 2 E 2 e 2 ( p i - k l - E l V + 2 E * * A : V - V 2 > ' + " ( p r V E l V ( p 2 V E 2 S 2 ) 
<P1 P 2 - E 1 E 2 )
 ( k l \ - Vy) + ( P 1 k 2 - E 1 S 2 ) ( P 2 k l - V l > . 
whence it follows that 
p'p 
ave k l 3 k 2 
= 2 M + fiP.2' (HI.32) 
Similarly, it may be shown that 
(III.33) 
ave k ,k 
1' 2 
Thus from (111.17), ( i l l .25) , ( i l l .27) , (ill.32) and (ill.33) we obtain 
XTk 2 | p | 2 + l 2 | p ' | 2 - KL(Ptp' + p , f p) =•4 
ave k 1 ? k 2 
(III.34) 
We now examine the expression 
I [ k 2 H + 1/ |Q | ' - KL(q'q + Q, (III.35) 
spins 
where Q = 'uCp^yCI + Y5)u(k1)].:[-u(p2)Y(-l + ,YJu(k 2 ) ] (3.21a) 
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"u(p2)Y(l + Y 5)u(k 1)J.[u(p 1)Y>(l + Y 5 )u(S 2)] ( 3 - 2 1 b ) 
spins 
Y»k 
X Tr { y . ( i . Y 5 ) ( i - y 5 ) v , ( — ^ — 2 ) } ( 1 1 1 . 3 6 ) 
"where 
Thus 
T - ; Y . ( l '+ Yc") 
r = Y ^ r Y i + = Y U ( 1 + Y 5 ) Y d Y u = " ( 1 - Y 5 ) Y 
spins 
T—^— T r ^ T r ^ 
where T r ^ = Tr | y .(Y-X^ (l - y)Yi(m - iY'P-^} 




Using (ill.9a) we see that the term in m in (ill.38) gives zero, so we get 
( 3 ) 
Tr 
= - ^ V C ^ p [ T r { Y j W p } - T r ( Y 5 Y i Y P Y J Y J 
4 I ( K I W P U 8 da 5 ip " 6 ' j i 8Qp + V a ^ ~ eipja_ l ) eip.ia] 
= - kl 
T r ^ is obtained from T r ^ by making the substitutions k^ -» k g and 
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p -» p . Thus (ILL.37) r e d u c e s t o 
2 4 
s p i n s 
E l E 2 e l e 2 
( I I I . in ) 
E l E 2 e l e 2 
- 2 ( ? A ) ( P 2 K 2 ) + 2 ( P & ) ( P ^ ) 
2 ( ^ H P ^ ) + 3 ( P ^ H P ^ ) - - 1 P j A ( P 1 ) p ( k 1 ) A ( P 2 ) i ( k 2 ) 
W ^ W p W ^ i + eidPa ' i j x p ^ p W l W p ] ( l I I - ' t 2 ) 
I n a v e r a g i n g o v e r t h e n e u t r i n o d i r e c t i o n s t e r m s i n v o l v i n g P^k^ 
a n d k v k ^ ( a , b = 1 , 2) do n o t s u r v i v e , a n d t h e o n l y t e r m s i n (ILL.42) we 
n e e d c o n s i d e r a r e 
3 ( P i k 1 ) ( P . k 2 ) 
a n d 
Now 3 ( P i k 1 ) ( p 2 k 2 ) = 3G±\ - V I > ( ¥ 2 - V 2 > 
a n d t h e r e f o r e c o n t r i b u t e s a a , .amount 3 ^ ] _ ^ 2 e l e 2 ^ ° a v e r a & e o v e r t h e 
n e u t r i n o d i r e c t i o n s . R e c a l l i n g t h a t L a t i n i n d i c e s ( i , j e t c . ) r u n f r o m 
1 t o 3 , a n d G r e e k i n d i c e s ( a , B , \ 9 p e t c . ) r u n f r o m 1 t o 4 , we h a v e 
1 1 7 
e i j p a e i j X p 
= FE. . 0 6 , + E. . 6 . YE. . 6 , + E. . 5 , ) ( i l l . 4 3 ) V i j p oh i j a p4A i j \ p4 i j p \hj K 
•where e . i s t h e t o t a l l y a n t i s y m m e t r i c u n i t t h i r d r a n k t e n s o r . S i n c e 
P r u n s f r o m 1 t o 4 , "we m u s t h a v e 
e . = e . . 6 Q 
i j P i j r r p 
S i m i l a r l y , e . . . = e . . 6• . 
i j X i j s s \ 
a n d s o E. TO E. .. = LE. . E. . ) 6 Q 6 _ i j P l j l V i j r i j s / r p sX 
f 3 6 - 6 . 6 . ) 6 0 6 ^ 
V r s j r j s / r p s i 
r|3 r \ 
( I I I .44) 
w h e r e we h a v e u s e d 
.'e« -i e» _ • 5 6, -, — 6 -, 6, l a b l e d a c bcL a d b e ( H . 4 3 ) 
U s i n g t h e same p r o c e d u r e f o r t h e o t h e r p r o d u c t s i n ( i l l . 4 3 ) , we g e t 
e i j p a e i j i p =
 2
 L 6a4 a P 4 6 r p 6rT, + 6 a 4 hk 6 r p 6 r p + 
+ 6p4 6p4 6 r a 6 r X + 6p4 \k 6 r a 6 r p ] ( i l l . 4 5 ) 





a n d t h e o n l y t e r m " w h i c h s u r v i v e s o n a v e r a g i n g o v e r t h e n e u t r i n o d i r e c t i o n s 
i s — 2 e ^ e 2 P j P 2 . S o w e f i n a l l y o b t a i n 
a v e k x ^ 2 ElVle2 
(Wz ~ 2 S l e 2 PiP2) 
2 P 1 P 2 12 { 1 - - — - ( I I I . 4 7 ) 
U s i n g t h e - s a m e p r o c e d u r e , i t i s e a s y t o s h o w t h a t 
p ; p . 
a v e k , k „ 
. 1 ' 2 
1 2 
( I I I . 4 8 ) 
W e m u s t n o w ' e v a l u a t e ) ; (.Q Q -fc- Q Q,) , w h e r e 
/_> 
a v e k , k 
Q = uQ^yil + Y 5 ) u ( k ] ) ] . [ u ( p 2 ) y ( l + Y 5 ) u ( k 2 ) j 
Q 
•u(p2)7(l + Y 5 ) u ( k 1 ) ] . [ u ( p 1 ) Y ( l + Y 5 ) u ( k g ) ] 
( 3 . 2 1 a ) 
( 3 . 2 1 b ) 
H e r e r = Y . ( l + Y , ) 
J J 5 
s p i n s 
- YjU + Y5) 
L Y j ( l + Y 5 ) ( m - i Y - P 2 ) Y i ( l + Y $ ) ( - i Y - k ^ ) ] } (III. >*9) 
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A g a i n , t h e t e r m s i n m g i v e z e r o . R e a r r a n g i n g t h e t e r m s , "we g e t 
s p i n s 
2E1E2~1~2 ij-Y- T r { ( Y . k 1 ) V i ( Y - P ; L ) Y i ( Y - k 2 ) Y t 1 ( v P 2 ) Y i ( l + Y ^ } 
( I I I . 5 0 ) 
( I I I . 51) 
• T r ( 5 ) + T r ( 6 )1 
" w h e r e 
T r (5 ) = TR •['YCŶYAYOY-. Y-, Y-Y.Y•. 
I. 5 a g< p i a j p i 
T r ( 6 ) = T r ( y ^ Y Y Y . Y ^ Y Y y J 
(111.52) 
( I I I . 5 3 ) 
J'P'i'X'J'P 
U s i n g t h e a n t i c o m m u t a t i o n r e l a t i o n Y Y + Y Y = 2 6 . "we g e t 
T R ( 5 ) = K 63P V TR (WIVIL - k 6JP 6AI TR {VJWIL + 
+ 6 6JP TR (WXW - k 6JI 6 PI TR {Y5WDYI} + 
2 6 . T r I Y c Y ^ Y q Y , Y . f - 3 T r { y ^ Y o Y ^ Y J 
p i I 5 a F3 a i j I 5 a p ^ pJ ( I I I . 5 4 ) 
a n d u s i n g t h e e q u a t i o n s ( i l l . 9 ) , t h e f i r s t t e r m i n ( i l l . 5 1 ) i s p r o ­
p o r t i o n a l t o 
( k 1 ) a ( p 1 ) p ( k 2 ) x ( p 2 ) - K 6JP &ai EDXPI + 6 6JP <W 
4 5
3 \ 6 ' P I ' e * j i + 6 6 J X
 e«DP
 + 2 6U e a p i p + 2 i 6 p i ECEU,- 3 e * x P J 
( I I I . 5 5 ) 
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and does not contribute to the average over the neutrino directions be­
cause of the presence of the antisymmetric fourth rank tensors. Using 
the same procedure we find that' 
T r ( 6 > = T r { [ * 5 . , 5 . , Y . - 2 6 . . ^ ^ - 2 S . ^ Y ^ - y ^ y J Y p Y . Y a } 
where Y . Y . Y • = = _ Y -
3 i 3 i 
Y - . Y Y . = 2 6-. Y . - 3 Y 
.3 9 3 39 3 ]9 Thus using the equations (111.9)5 w e s e e that the second term of (ill.51) 
may be written as 
i ^ r 2 <KIW A W P [ 
8 . 6 6 6 . 6„. - 12 6 . a 6 6 „ ) + 
•-|B pi ai jB j\ pa/ 6.Q 6̂ ,(6. 6. - 6.  6. + 6. 6.̂  + 6 6 ..( jB 0£L\ , I I Xp i l J P ip .w ,i3\ •ji "xp vix vjp ~ip '̂x/ " ~JP\6ja 6xP 6ax 6jp + 6aP 6jx 
6 j x 6pA6ia 6JE " 6 iB 6 j a + V W + 6 6 A p 6 j b " 6 b p 6 j a + 6 j p 6aB 
~ ̂  6op 6ix 6Pi + 2 6ixl6o£ 6Pi " ha 6Bp + % 6 iB 
+ 2 6pA§ap 6ix̂ §ax 6 i8 + 6ai W"5 .6op 6xP " 6ax 6bp + 6ap 6px)J 
In averaging over the directions of the neutrinos only terms which are of 
the form e e P-fP9 or e.,e E,E will survive. That i s , the terms which 
contribute to the average are to "be obtained from 
i ^ - r 2 ' ^ A V ^ W P X 
1 2 1 
jp ax jp pi ax ip v \ op xp ax pp ap pX/ 
EL E2 EI e2 




AVE K ,K 
1 * 2 
WLe2 ^ P I ? 2 " 3 W 1 ' 2 
P-RP, 3 E X E 2 (III. 56) 
\ Q Q IS OBTAINED FROM (ILL.56) BY INTERCHANGING AND P2, I.E. 
AVE K >KG 
P-RP. (HI. 57) 
AVE KX,K2 
SUBSTIUTING (ILL.47), (ILL.48), (ILL.56) AND (ILL.57) INTO (ILL.35), 
WE GET 
£ [ K2 |Q|2 + L2 |Q'|2 - KLCQ̂Q ' + QTFQ)] = 
AVE KN ,K V 2 
1 2 [ ( R 2 + L 2 ) ( L _ | G ) + K L ( L _ | G ) 
' 1 E 2 ' 5 E 1 E 2 ' (HI. 58) 
FINALLY, WE CONSIDER THE EXPRESSION 




Using ( 3 . 2 0 a ) and ( 3 . 2 1 b ) , i t is easy to show that 
jr j2 c , i c ,2 
spins 
As shown earlier, the term with Yc- does not contribute to the average 
over the neutrino directions, and will be left out. With this omission, 
we may write 
- k 6 j l 8 { * ( 6 < * 6JP " 6 j a 6 p0 + 2 6jx(6op 8 J P - 8 j a 6p P + 5qp 6jp) " 
- k 5jp 5 a4(V 6dx - ^ 6jp) + 2 5 j p ( 6 * 6 j i - 6ax 6cP + 6ca 6px) " 
- 1 2 V 6x4 6 a P + 6 6f*(8<* \P ~ 5ca V + 6 a P \k) 
+ 6 6 ^( 6 ap 6p4 - 6a4 6 p P + 6ap 6f*) ~ 5 (5ap 6 X p ~ 6 Si 6 p P + % *,»)_ 
( I I I . 6 1 ) 
a n d e x t r a c t i n g o n l y t h o s e t e r m s o f t h e f o r m ^ 1 ^ 2 ° r S 1 S 2 E 1 E 2 ' w e 
—» —* 
ave k ,k 1' 2 
By interchanging p^ and p g , we get 
—> —» 
ave k 1 ? k 2 
Y P̂Q = „ (K ) (p ) «(k' ) (p ) Tr J"y Yi Y„Y .Y- Yi Y Y .(l + Y ) \ 
L * 2 E T E Q e r e Q v r Q A J V B v 2J\Ky2J p VaVp :iVvp y V J 
( i l l . 6 o ) 
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Similarly, we can show that 
ave \,k2 ave k^kg 
5 E 1 E 2 
( I I I . 6 k ) 
Collecting the terms in equations (ill.62) to ( i l l . 64 ) , we get 
_(pV + P , 1 * Q ) m ! [ m 2 + (Q*V + Q , t P ) M 2 M 1 
ave k_ ,k 1' 2 
1 P 1 P 2 V * 
= - 1 2 1 1 - 3 ^ e J A 2 R e M l M 2 ( I I I . 6 5 ) 
One can,also easily show that 
£ [ ( P t Q + p\')M^Mg + ( Q 1 * ? + q ' V ^ - J .= , 0 ( I I I . 6 6 ) 
ave k_,k 1' 2 
Substituting the results (ill..34), ( i l l .58), ( I I I . 6 5 ) and (ill.66) 
into ( i l l .16), we get 
M 
k k r 
( K 2 + L 2 ) - ^ + S : ) ] i m i I 2 + E 1 E 2 
ave k ,k 1' 2 
+ 3 s a G L(K + L V - 3 ) + ^ v 1 " 3 ; J 
- g | g 2 G V ( l - i | G ) ( 2 B E M * M 2 ) (IH.67) 
1 2 
1 2 4 
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